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• Quantum mechanics and general relativity are in serious conflicts !
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(a) Quantum mechanics says that information is never lost.

Universal quantum phases in stabilizer codes

Beni Yoshida

Center for Theoretical Physics, Massachusetts Institute of Technology

February 10, 2017

| (t)i = e�iHt| (0)i (1)

|hOA(0)OC(t)i|2 = d2ChOA(0)OD(t)OA(0)OD(t)i (2)

� log2 |hOA(0)OD(t)OA(0)OD(t)i| = I(2)(A,BD)  I(1)(A,BD) (3)

hAB(t)CD(t)i = 1� 1

N
e

2⇡
� t � =

1

T
(4)

O (5)

memory time = const · Lz
(6)

⌧ / M3
(7)

⌧ / M0.25
(8)

⇠ log

⇣ T

Tc

⌘
(9)

⌧ / exp

⇣
� EB

kBT

⌘
(10)

= exp

⇣
� log(L)

kBT

⌘
= Poly(L) (11)

1



• Quantum mechanics and general relativity are in serious conflicts !

Information loss puzzle

1

| i (1)

1

d

X

P

P ⌦ P = SWAP (2)

|�ji = U | ji (3)

| i =
X

j

e��Ej/2| ji ⌦ | ji (4)

| (t)i = (I ⌦ U)| i =
X

j

e��Ej/2e�iEjt| ji ⌦ | ji (5)

Tr
⇥
A(0)D(t)A†(0)D†(t)⇢�

⇤
(6)

Tr
⇥
A(0)yD(t)yA†(0)yD†(t)y

⇤
y = ⇢1/4� (7)

| i
1
Z
e��H

(I ⌦ U)
P

j |ji ⌦ |ji =
P

j |ji ⌦ U |ji

Hawking radiation 1

“e��H”

| i (1)

1

d

X

P

P ⌦ P = SWAP (2)

|�ji = U | ji (3)

| i =
X

j

e��Ej/2| ji ⌦ | ji (4)

| (t)i = (I ⌦ U)| i =
X

j

e��Ej/2e�iEjt| ji ⌦ | ji (5)

Tr
⇥
A(0)D(t)A†(0)D†(t)⇢�

⇤
(6)

Tr
⇥
A(0)yD(t)yA†(0)yD†(t)y

⇤
y = ⇢1/4� (7)

| i
1
Z
e��H

(I ⌦ U)
P

j |ji ⌦ |ji =
P

j |ji ⌦ U |ji

(b) General relativity says information is lost in black holes.
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• Alice throws a quantum state into a black hole. Bob tries to reconstruct it from the 
Hawking radiation. Black hole = n-qubit system. (n = coarse-grained entropy)

Page’s thought experiment

Alice’s 
quantum 

state

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

Hstab = �
X

j

Sj (3)

Hsub = �
X

j

Gj (4)

S = hS1, S2, . . .i (5)

G = hG1, G2, . . .i (6)

| 0i | 1i | 0i+ ei✓| 1i (7)

|0i⌦N
(8)

Pm Pauli P †
m = Pm�1 (9)

P2 Pauli P †
2 = P1 (10)

1

black hole



• Alice throws a quantum state into a black hole. Bob tries to reconstruct it from the 
Hawking radiation. Black hole = n-qubit system. (n = coarse-grained entropy)

Page’s thought experiment

Alice’s 
quantum 

state

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

Hstab = �
X

j

Sj (3)

Hsub = �
X

j

Gj (4)

S = hS1, S2, . . .i (5)

G = hG1, G2, . . .i (6)

| 0i | 1i | 0i+ ei✓| 1i (7)

|0i⌦N
(8)

Pm Pauli P †
m = Pm�1 (9)

P2 Pauli P †
2 = P1 (10)

1

black hole

• If time evolution U is “chaotic” (eg. Haar random), then Bob needs to wait for a half 
of black hole to evaporate. [Lubkin-Lloyd-Pagels-Page]
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• Quantum Cloning ? Black hole complementarity ! (no observer can see a quantum cloning).
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• Bob holds a quantum memory M which is maximally entangled with a black hole
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Hayden-Preskill thought experiment (2007)
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• Given Alice’s     -qubit quantum state, collecting           qubits of the Hawking 
radiation is enough to reconstruct the state.
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IA0C ⌦ VDB0 | iACDB0 ⇡ |somethingi ⌦ |EPRiA0M (5)

where M with |M | = |A| represents some subset of qubits M ⇢ DB0. If we had |EPRiA0B0 ,

the projection of A0 onto | ⇤i prepares | i in M .

V (6)

2.2 Teleportation via post-selection

The decoding protocol is summarized in Fig 1. For simplicity of discussion, we assume that

Alice prepares a single-qubit quantum state | i (a = 1) and Bob collects a single qubit

from the Hawking radiation (d = 1). In addition to the entangled quantum memory B0,

Bob holds an EPR pair |EPRiA0R0 (a0 = r0 = 1). Then Bob applies the complex conjugate

U⇤ to the quantum memory B0 and A0-part of |EPRiA0R0 while keeping R0 as a register

qubit 4. Bob’s aim is to reconstruct Alice’s quantum state on the register R0. Bob applies

U⇤ in a way AB and A0B0 are symmetric.

After the time evolution, the system evolves to

| iCDD0C0R0 = (UAB ⌦ U⇤
B0A0 ⌦ IR0)| iA ⌦ |EPRiBB0 ⌦ |EPRiA0R0 (7)

where C, C 0 represent remaining black holes and D, D0 represent Hawking radiations (c =

c0 = n � 1 and d = d0 = 1). Again, we define CD and C 0D0 in a symmetric way. Bob

collects a pair of qubits in DD0 and performs a Bell measurement with the following basis

states:

1p
2
(|00i + |11i) 1p

2
(|01i + |10i) 1p

2
(|01i � |10i) 1p

2
(|00i � |11i). (8)

If Bob measured |EPRiDD0 = 1p
2
(|00i + |11i), the outcome is

|�iCC0R0 ⌦ |EPRiDD0 =
1

PEPR

IC ⌦ ⇧DD0 ⌦ IC0R0 | iCDD0C0R0 (9)

4We need the time-reversal conjugate U⇤, not the inverse operator U† because U ⌦U⇤|EPRi = |EPRi.
If U = e�iHt, then U⇤ = eiH⇤t = eiHT t where HT is the transpose of H.
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EPR pairs

• Given Alice’s     -qubit quantum state, collecting           qubits of the Hawking 
radiation is enough to reconstruct the state.
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(eg. black hole has emitted half of its content).

(eg. eternal AdS black hole).

Quantum information immediately reflects 
back to you like a mirror !

EPR pairs

• Given Alice’s     -qubit quantum state, collecting           qubits of the Hawking 
radiation is enough to reconstruct the state.
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Alice’s register qubits onto | ⇤i so that A corresponds to | i. The result by Hayden and

Preskill implies the existence of VDB0 such that

IA0C ⌦ VDB0 | iACDB0 ⇡ |somethingi ⌦ |EPRiA0M (5)

where M with |M | = |A| represents some subset of qubits M ⇢ DB0. If we had |EPRiA0B0 ,

the projection of A0 onto | ⇤i prepares | i in M .

V (6)

2.2 Teleportation via post-selection

The decoding protocol is summarized in Fig 1. For simplicity of discussion, we assume that

Alice prepares a single-qubit quantum state | i (a = 1) and Bob collects a single qubit

from the Hawking radiation (d = 1). In addition to the entangled quantum memory B0,

Bob holds an EPR pair |EPRiA0R0 (a0 = r0 = 1). Then Bob applies the complex conjugate

U⇤ to the quantum memory B0 and A0-part of |EPRiA0R0 while keeping R0 as a register

qubit 4. Bob’s aim is to reconstruct Alice’s quantum state on the register R0. Bob applies

U⇤ in a way AB and A0B0 are symmetric.

After the time evolution, the system evolves to

| iCDD0C0R0 = (UAB ⌦ U⇤
B0A0 ⌦ IR0)| iA ⌦ |EPRiBB0 ⌦ |EPRiA0R0 (7)

where C, C 0 represent remaining black holes and D, D0 represent Hawking radiations (c =

c0 = n � 1 and d = d0 = 1). Again, we define CD and C 0D0 in a symmetric way. Bob

collects a pair of qubits in DD0 and performs a Bell measurement with the following basis

states:

1p
2
(|00i + |11i) 1p

2
(|01i + |10i) 1p

2
(|01i � |10i) 1p

2
(|00i � |11i). (8)

If Bob measured |EPRiDD0 = 1p
2
(|00i + |11i), the outcome is

|�iCC0R0 ⌦ |EPRiDD0 =
1

PEPR

IC ⌦ ⇧DD0 ⌦ IC0R0 | iCDD0C0R0 (9)

4We need the time-reversal conjugate U⇤, not the inverse operator U† because U ⌦U⇤|EPRi = |EPRi.
If U = e�iHt, then U⇤ = eiH⇤t = eiHT t where HT is the transpose of H.
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O(1) number !

How do we construct the decoder V ?

this talk !
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In order for a signal to reach the whole system (assuming locality), cf Lieb-Robinson bound.
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Quantum chaos ? (2013)

• Classical chaos = sensitive dependence of dynamics on initial conditions

Time

Black 
hole

Black 
hole

• Quantum chaos : two objects are initially entangled, how entanglement changes in time?

• Shenker-Stanford: Butterfly effect in an entangled black hole.

• Perturbation becomes a gravitational shockwave 
(’t Hooft-Dray 85) (’t Hooft 87, Kiem-Verlinde-Verlinde 95)

in the past. We will use RT surfaces and correlation function probes to analytically follow

the loss of local correlation between the L and R sides. We will work with Einstein gravity

in 2+1 bulk dimensions in this section, deferring comments about string- and Planck-scale

e↵ects to section 4, and deferring comments about higher dimensional Einstein gravity to

appendix B.1.

3.1 Unperturbed BTZ

Let us begin by reviewing the geometrical dual of the unperturbed thermofield double

state of two CFTs [4]. This is an AdS-Schwarzschild black hole, analytically extended to

include two asymptotically AdS regions. We think of the CFTs as living at the boundaries

of the respective regions. In 2+1 bulk dimensions, the black hole solution is a BTZ metric,

which can be presented as

ds2 = �r2 �R2

`2
dt2 +

`2

r2 �R2
dr2 + r2d�2 (6)

� ⇠ �+ 2⇡ R2 = 8GNM`2 � =
2⇡`2

R
, (7)

where we use ` to denote the AdS radius, and R to denote the horizon radius. In what

follows, it will often be more convenient to use Kruskal coordinates, which smoothly cover

the maximally extended two-sided geometry. In these coordinates, the metric is

Figure 2: The Kruskal diagram (center) and Penrose diagram (right) for the BTZ geometry.

ds2 =
�4`2dudv +R2(1� uv)2d�2

(1 + uv)2
. (8)

We will use the standard u, v convention so that the right exterior has u < 0 and v > 0.

The two boundaries are at uv = �1, and the two singularities are at uv = 1.

7

Figure 3: The Kruskal and Penrose diagrams for the geometry with a shock wave from
the left, represented by the double line. The dashed v = 0 and ṽ = 0 horizons miss by an
amount ↵.

not: there is an impulsive curvature at the location of the shell. One can check that the

Einstein equations imply a stress tensor

Tuu =
↵

4⇡GN

�(u), (16)

corresponding to a shell of null particles symmetrically distributed on the horizon.

3.3 Geodesics

Since we can boost to a frame in which the shock wave has very little stress energy, the

patched solutions described above do not give rise to any large local invariants. The scalar

curvature, for example, is regular at u = 0. However, there are large nonlocal invariants

that distinguish the shock wave geometry from unperturbed BTZ. Geodesic distance, which

we will relate holographically to field theory quantities in § 3.4 and § 3.5, is an important

example of such an invariant.

Let us consider a geodesic connecting a point at Killing time tL on the left boundary

with a point at time tR on the right boundary. We will take both points to be located

at the same value of �. Any real geodesic between them will pass through the shock at

u = 0 at some value of v. We can use the embedding coordinates (9) to compute the

distance, d1, from the left boundary to this intermediate point and, d2, the distance from

10
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Alice’s register qubits onto | ⇤i so that A corresponds to | i. The result by Hayden and

Preskill implies the existence of VDB0 such that

IA0C ⌦ VDB0 | iACDB0 ⇡ |somethingi ⌦ |EPRiA0M (5)

where M with |M | = |A| represents some subset of qubits M ⇢ DB0. If we had |EPRiA0B0 ,

the projection of A0 onto | ⇤i prepares | i in M .

V (6)

2.2 Teleportation via post-selection

The decoding protocol is summarized in Fig 1. For simplicity of discussion, we assume that

Alice prepares a single-qubit quantum state | i (a = 1) and Bob collects a single qubit

from the Hawking radiation (d = 1). In addition to the entangled quantum memory B0,

Bob holds an EPR pair |EPRiA0R0 (a0 = r0 = 1). Then Bob applies the complex conjugate

U⇤ to the quantum memory B0 and A0-part of |EPRiA0R0 while keeping R0 as a register

qubit 4. Bob’s aim is to reconstruct Alice’s quantum state on the register R0. Bob applies

U⇤ in a way AB and A0B0 are symmetric.

After the time evolution, the system evolves to

| iCDD0C0R0 = (UAB ⌦ U⇤
B0A0 ⌦ IR0)| iA ⌦ |EPRiBB0 ⌦ |EPRiA0R0 (7)

where C, C 0 represent remaining black holes and D, D0 represent Hawking radiations (c =

c0 = n � 1 and d = d0 = 1). Again, we define CD and C 0D0 in a symmetric way. Bob

collects a pair of qubits in DD0 and performs a Bell measurement with the following basis

states:

1p
2
(|00i + |11i) 1p

2
(|01i + |10i) 1p

2
(|01i � |10i) 1p

2
(|00i � |11i). (8)

If Bob measured |EPRiDD0 = 1p
2
(|00i + |11i), the outcome is

|�iCC0R0 ⌦ |EPRiDD0 =
1

PEPR

IC ⌦ ⇧DD0 ⌦ IC0R0 | iCDD0C0R0 (9)

4We need the time-reversal conjugate U⇤, not the inverse operator U† because U ⌦U⇤|EPRi = |EPRi.
If U = e�iHt, then U⇤ = eiH⇤t = eiHT t where HT is the transpose of H.
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[Choi-Jamilkowski isomorphism]
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Multipartite entanglement

• Physical realization ?
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Majorana Fractons

Abstract

This is a note on majorana fractons. Some results are

• Construction of type-II model with string and fractal.
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1 Convention

We use the following convention to classify fracton topological phases. Note that this classification is mutually not exclusive
as a system may be a composite of di↵erent types.

• Type-0: Toric code or fermionic Toric code. Point-like excitations move freely in 3D.

• Type-I: Point-like excitations can move freely only in 2D.

• Type-II: Fractal excitations and point-like excitations. Point-like excitations can move freely only in 1D.

• Type-III: No point-like excitations.

Given a n qubit quantum code, one can construct 4n majorana fermion code in a straightforward manner. We do not
consider such trivial majoranization in this paper. This is stupid. What is a non-trivial majoranization?

We will utilize polynomial representations of translation invariant quantum codes. See [? ] for details. Consider a
bipartite lattice where majorana fermions live on each vertices. In general, the following choice of stabilizer generators
realizes a majorana fermion code:

�

✓
f
f̄↵

◆
where f̄(x, y, z) = f(x�1, y�1, z�1) ↵↵̄ = 1 (2)

where all the terms commute with each other. Here ↵ represents translations as ↵↵̄ = 1 implies that ↵ is a polynomial
with a single term.

We use the following shorthand notation:

(1 + g)�1 = 1 + g + g2 + · · · . (3)

2 Majorana fracton Type-I

3 Majorana fracton Type-II

We present a majorana fracton model of type-II. Consider the case where f = 1 + x + y + z where f is the generators of
the 3D Z2-Sierpinski fractal:

H = �
X

i,j,k

S
ijk

S
ijk

= �

✓
fxiyjzk

f̄xiyjzk

◆
. (4)

Assume that the system is defined on L ⇥ L ⇥ L cubic lattice with L = 2m and periodic boundary conditions (i.e.
xL = yL = zL = 1). Since f is even-weight polynomial, we have fL = 0.
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• Non-interacting (eg free boson)
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Entanglement in black hole dynamics
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• Viewing the black hole dynamics as a quantum state. (also Hartman-Maldacena 2013)
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• For factorizable input and output, a certain averaged OTOC 

is related to (Sandwiched) Renyi-2 divergence.
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Alice’s register qubits onto | ⇤i so that A corresponds to | i. The result by Hayden and

Preskill implies the existence of VDB0 such that

IA0C ⌦ VDB0 | iACDB0 ⇡ |somethingi ⌦ |EPRiA0M (5)

where M with |M | = |A| represents some subset of qubits M ⇢ DB0. If we had |EPRiA0B0 ,

the projection of A0 onto | ⇤i prepares | i in M .
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2.2 Teleportation via post-selection

The decoding protocol is summarized in Fig 1. For simplicity of discussion, we assume that

Alice prepares a single-qubit quantum state | i (a = 1) and Bob collects a single qubit

from the Hawking radiation (d = 1). In addition to the entangled quantum memory B0,

Bob holds an EPR pair |EPRiA0R0 (a0 = r0 = 1). Then Bob applies the complex conjugate

U⇤ to the quantum memory B0 and A0-part of |EPRiA0R0 while keeping R0 as a register

qubit 4. Bob’s aim is to reconstruct Alice’s quantum state on the register R0. Bob applies
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B0A0 ⌦ IR0)| iA ⌦ |EPRiBB0 ⌦ |EPRiA0R0 (7)

where C, C 0 represent remaining black holes and D, D0 represent Hawking radiations (c =

c0 = n � 1 and d = d0 = 1). Again, we define CD and C 0D0 in a symmetric way. Bob

collects a pair of qubits in DD0 and performs a Bell measurement with the following basis

states:
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4We need the time-reversal conjugate U⇤, not the inverse operator U† because U ⌦U⇤|EPRi = |EPRi.
If U = e�iHt, then U⇤ = eiH⇤t = eiHT t where HT is the transpose of H.
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Can we really decode the Hawking radiation?

How do we construct this ?
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• Simple decoders (with Kitaev)

Version 1 : very simple, but probabilistic. traversable wormhole.

Version 2 : a bit involved, but deterministic. 
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• Bob “teleports” Alice’s quantum state to his register qubits via postselection.
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memory and keep the other as a register
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R’
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(c) Bob collects a pair of the Hawking radiation from two 
sides of an entangled black hole.
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(c) Bob collects a pair of the Hawking radiation from two 
sides of an entangled black hole.

(d) Bob performs Bell measurements
where C, C 0 represent remaining black holes and D, D0 represent outgoing Hawking radiation (c = c0 =
n�1 and d = d0 = 1). Again, we define CD and C 0D0 in a symmetric way. Bob collects a pair of qubits
on DD0 and performs a Bell measurement with the following basis states:

1p
2
(|00i + |11i) 1p

2
(|01i + |10i) 1p

2
(|01i � |10i) 1p

2
(|00i � |11i). (5)

If Bob measured |EPRiDD0 = 1p
2
(|00i + |11i), the outcome is

|�iCC0R0 ⌦ |EPRiDD0 =
1

PEPR
IC ⌦⇧DD0 ⌦ IC0R0 | iCDD0C0R0 (6)

where ⇧DD0 = |EPRihEPR|DD0 and PEPR represents the probability of measuring |EPRiDD0 so that the
righthand side is properly normalized. It can be shown that PEPR � 1

4 (or more generically, PEPR � 1
|A|2 .

We claim that, if the unitary operator U is “strongly scrambling”, then

|�iCC0R0 ⇡ |somethingiCC0 ⌦ | iR0 . (7)

Thus, the projection onto |EPRiDD0 not only decouples entanglement between Bob’s register R0 and
remaining black holes CC 0 but also teleports Alice’s secret quantum state | i to Bob’s register imme-
diately.

It is mathematically more convenient to formulate the reconstruction task as distillation of an
EPR pair where Alice prepares a maximally entangled state |EPRiRA on her register qubit R and A
(|R| = |A|) as shown in Fig. 2(b). We then apply UAB ⌦U⇤

B0A0 while Alice and Bob keeping their register
qubits RR0. After the projection onto |EPRiDD0 , if U is strongly scrambling, then we will have

|�iCC0RR0 ⇡ |somethingiCC0 ⌦ |EPRiR0R (8)

where success of teleportation is equivalent to distillation of |EPRiRR0 on Alice and Bob’s register qubits
after postselection. If we want to study the physics when Alice had thrown | i into a black hole, we
project Alice’s register qubits onto | ⇤i so that qubits on A correspond to | i. Then we are back to
the original setup. The advantage of this formulation is that the overlap with |EPRiRR0 provides a
quantitative measure of successful decoding.

Why is such a simple decoding possible? It is due to scrambling. This can be understood by using
the state representation |Ui of a unitary operator U , developed by Choi and Jamiokowski [19, 20].
(See [17, 21] for high energy theory applications of this idea). Given a unitary operator U acting on an
n-qubit Hilbert space H, one can view U as a pure quantum state |Ui defined on a 2n-qubit Hilbert
space H ⌦ H:

|Ui := U ⌦ I|EPRi |EPRi =
1p
2n

2nX

j=1

|ji ⌦ |ji. (9)

Or equivalently, |Ui := 1p
2n

P
i,j Ui,j |ii⌦ |ji where U =

P
i,j Ui,j |iihj|. One easily see that the quantum

state |Ui is uniquely determined by a unitary operator U . The state representation allows us to view
|UiABCD as a four-partite quantum state:
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3 Out-of-time ordered correlation functions

We have seen that strong chaos enables the decoding protocol possible. What if the time-

evolution is not so chaotic? In this section, we make a quantitative relation between

scrambling and decoding by using out-of-time ordered correlation functions.

3.1 Probability of successful post-selection

After the time-evolution, one has

|�i = (IR ⌦ UAB ⌦ U⇤
B0A0 ⌦ IR0

)|EPRiRA ⌦ |EPRiBB0 ⌦ |EPRiA0R0 . (17)

The probability of measuring |EPRiDD0
is given by

PEPR := h�|IRC ⌦ �DD0 ⌦ IC0R0 |�i �DD0
= |EPRihEPR|DD0

(18)

which can be written as

a (19)

Notice that state representations of |Ui and |U⇤i are given by

a (20)

Letting � = |UihU | and �AC = TrBD(�), we have

PEPR = 2

n�a�d
Tr(�2

AC) = 2

�a+c�S
(2)
AC

(21)

where S(2)
AC = � log2 Tr(�2

AC) is the Renyi-2 entropy of � = |UihU | on AC. We thus arrive

at the following result:

PEPR = 2

�I(2)(A,BD) I(2)
(A, BD) := S(2)

A + S(2)
BD � S(2)

ABD (22)

where I(2)
(A, BD) is the Renyi-2 mutual information.

8
Note that PEPR is finite, namely

PEPR � 1
|A|2 .

1p
2

n
(23)

8One can show that I(A, BD) � I(2)(A, BD) in this setup.
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• Bob “teleports” Alice’s quantum state to his register qubits via postselection.

(a) Bob prepares an EPR pair, feed one qubit into quantum 
memory and keep the other as a register

A’

R’

(b) Bob implements the complex conjugate U*

B’ A’

D’ C’
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(c) Bob collects a pair of the Hawking radiation from two 
sides of an entangled black hole.

(d) Bob performs Bell measurements
where C, C 0 represent remaining black holes and D, D0 represent outgoing Hawking radiation (c = c0 =
n�1 and d = d0 = 1). Again, we define CD and C 0D0 in a symmetric way. Bob collects a pair of qubits
on DD0 and performs a Bell measurement with the following basis states:

1p
2
(|00i + |11i) 1p

2
(|01i + |10i) 1p

2
(|01i � |10i) 1p

2
(|00i � |11i). (5)

If Bob measured |EPRiDD0 = 1p
2
(|00i + |11i), the outcome is

|�iCC0R0 ⌦ |EPRiDD0 =
1

PEPR
IC ⌦⇧DD0 ⌦ IC0R0 | iCDD0C0R0 (6)

where ⇧DD0 = |EPRihEPR|DD0 and PEPR represents the probability of measuring |EPRiDD0 so that the
righthand side is properly normalized. It can be shown that PEPR � 1

4 (or more generically, PEPR � 1
|A|2 .

We claim that, if the unitary operator U is “strongly scrambling”, then

|�iCC0R0 ⇡ |somethingiCC0 ⌦ | iR0 . (7)

Thus, the projection onto |EPRiDD0 not only decouples entanglement between Bob’s register R0 and
remaining black holes CC 0 but also teleports Alice’s secret quantum state | i to Bob’s register imme-
diately.

It is mathematically more convenient to formulate the reconstruction task as distillation of an
EPR pair where Alice prepares a maximally entangled state |EPRiRA on her register qubit R and A
(|R| = |A|) as shown in Fig. 2(b). We then apply UAB ⌦U⇤

B0A0 while Alice and Bob keeping their register
qubits RR0. After the projection onto |EPRiDD0 , if U is strongly scrambling, then we will have

|�iCC0RR0 ⇡ |somethingiCC0 ⌦ |EPRiR0R (8)

where success of teleportation is equivalent to distillation of |EPRiRR0 on Alice and Bob’s register qubits
after postselection. If we want to study the physics when Alice had thrown | i into a black hole, we
project Alice’s register qubits onto | ⇤i so that qubits on A correspond to | i. Then we are back to
the original setup. The advantage of this formulation is that the overlap with |EPRiRR0 provides a
quantitative measure of successful decoding.

Why is such a simple decoding possible? It is due to scrambling. This can be understood by using
the state representation |Ui of a unitary operator U , developed by Choi and Jamiokowski [19, 20].
(See [17, 21] for high energy theory applications of this idea). Given a unitary operator U acting on an
n-qubit Hilbert space H, one can view U as a pure quantum state |Ui defined on a 2n-qubit Hilbert
space H ⌦ H:

|Ui := U ⌦ I|EPRi |EPRi =
1p
2n

2nX

j=1

|ji ⌦ |ji. (9)

Or equivalently, |Ui := 1p
2n

P
i,j Ui,j |ii⌦ |ji where U =

P
i,j Ui,j |iihj|. One easily see that the quantum

state |Ui is uniquely determined by a unitary operator U . The state representation allows us to view
|UiABCD as a four-partite quantum state:
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(e) If he measured an EPR pair, he immediately obtains a 

faithful reconstruction of Alice’s state.

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

Hstab = �
X

j

Sj (3)

Hsub = �
X

j

Gj (4)

S = hS1, S2, . . .i (5)

G = hG1, G2, . . .i (6)

| 0i | 1i | 0i+ ei✓| 1i (7)

|0i⌦N
(8)

Pm Pauli P †
m = Pm�1 (9)

P2 Pauli P †
2 = P1 (10)

1

* The protocol works as long as U is strongly scrambling

* Success probability is ~ 1/4.



• Probability of measuring an EPR pair

The probability decreases as the message size       increases….

Reconstruction probabilities

Notes on classification of protected gates for Pauli

subsystem codes

May 2, 2017

Abstract

PEPR = 2�I(2)(A,BD) = hOTOCiave (1)

FEPR =
2I

(2)(A,BD)

d2A
=

1

d2AhOTOCiave
(2)

hOTOCiave ⌘
Z

dOAdODhOA(0)OD(t)O†
A(0)ODO†

A(t)i (3)

� log2 |hOTOCiave| = I(2)(A,BD) (4)

= 1� 1

n
e�t � =

2⇡

�
t ⇠ �

2⇡
log(n) (5)

Hstab = �
X

j

Sj (6)

Hsub = �
X

j

Gj (7)

S = hS1, S2, . . .i (8)

G = hG1, G2, . . .i (9)

| 0i | 1i | 0i+ ei✓| 1i (10)

1

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

Hstab = �
X

j

Sj (3)

Hsub = �
X

j

Gj (4)

S = hS1, S2, . . .i (5)

G = hG1, G2, . . .i (6)

| 0i | 1i | 0i+ ei✓| 1i (7)

|0i⌦N
(8)

Pm Pauli P †
m = Pm�1 (9)

P2 Pauli P †
2 = P1 (10)

1

A B

C D

B’ A’

D’ C’

EPR

R’

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

Hstab = �
X

j

Sj (3)

Hsub = �
X

j

Gj (4)

S = hS1, S2, . . .i (5)

G = hG1, G2, . . .i (6)

| 0i | 1i | 0i+ ei✓| 1i (7)

|0i⌦N
(8)

Pm Pauli P †
m = Pm�1 (9)

P2 Pauli P †
2 = P1 (10)

1

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

XA
˜XDB

˜X†
B0D0 X⇤

A (3)

Hstab = �
X

j

Sj (4)

Hsub = �
X

j

Gj (5)

S = hS1, S2, . . .i (6)

G = hG1, G2, . . .i (7)

| 0i | 1i | 0i+ ei✓| 1i (8)

|0i⌦N
(9)

Pm Pauli P †
m = Pm�1 (10)

1

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

Hstab = �
X

j

Sj (3)

Hsub = �
X

j

Gj (4)

S = hS1, S2, . . .i (5)

G = hG1, G2, . . .i (6)

| 0i | 1i | 0i+ ei✓| 1i (7)

|0i⌦N
(8)

Pm Pauli P †
m = Pm�1 (9)

P2 Pauli P †
2 = P1 (10)

1

• Decoding protocol crucially relies on “scrambling”. 

Equations

Beni Yoshida

Perimeter Institute for Theoretical Physics

(Dated: January 8, 2018)

I. EQUATIONS

⇡ 1

d2A
(1)

� =
2⇡

�
U U † (2)

1 to
p
2n (3)

1p
d

dX

j=1

|ji ⌦ |ji (4)

OD(t) = e�iHtODe
iHt (5)

t  tscr (6)

Equations

Beni Yoshida

Perimeter Institute for Theoretical Physics

(Dated: January 8, 2018)

I. EQUATIONS

⇡ 1

d2A
dA (1)

� =
2⇡

�
U U † (2)

1 to
p
2n (3)

1p
d

dX

j=1

|ji ⌦ |ji (4)

OD(t) = e�iHtODe
iHt (5)

t  tscr (6)



• Probability of measuring an EPR pair

The probability decreases as the message size       increases….

Reconstruction probabilities

Notes on classification of protected gates for Pauli

subsystem codes

May 2, 2017

Abstract

PEPR = 2�I(2)(A,BD) = hOTOCiave (1)

FEPR =
2I

(2)(A,BD)

d2A
=

1

d2AhOTOCiave
(2)

hOTOCiave ⌘
Z

dOAdODhOA(0)OD(t)O†
A(0)ODO†

A(t)i (3)

� log2 |hOTOCiave| = I(2)(A,BD) (4)

= 1� 1

n
e�t � =

2⇡

�
t ⇠ �

2⇡
log(n) (5)

Hstab = �
X

j

Sj (6)

Hsub = �
X

j

Gj (7)

S = hS1, S2, . . .i (8)

G = hG1, G2, . . .i (9)

| 0i | 1i | 0i+ ei✓| 1i (10)

1

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

Hstab = �
X

j

Sj (3)

Hsub = �
X

j

Gj (4)

S = hS1, S2, . . .i (5)

G = hG1, G2, . . .i (6)

| 0i | 1i | 0i+ ei✓| 1i (7)

|0i⌦N
(8)

Pm Pauli P †
m = Pm�1 (9)

P2 Pauli P †
2 = P1 (10)

1

A B

C D

B’ A’

D’ C’

EPR

R’

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

Hstab = �
X

j

Sj (3)

Hsub = �
X

j

Gj (4)

S = hS1, S2, . . .i (5)

G = hG1, G2, . . .i (6)

| 0i | 1i | 0i+ ei✓| 1i (7)

|0i⌦N
(8)

Pm Pauli P †
m = Pm�1 (9)

P2 Pauli P †
2 = P1 (10)

1

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

XA
˜XDB

˜X†
B0D0 X⇤

A (3)

Hstab = �
X

j

Sj (4)

Hsub = �
X

j

Gj (5)

S = hS1, S2, . . .i (6)

G = hG1, G2, . . .i (7)

| 0i | 1i | 0i+ ei✓| 1i (8)

|0i⌦N
(9)

Pm Pauli P †
m = Pm�1 (10)

1

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

Hstab = �
X

j

Sj (3)

Hsub = �
X

j

Gj (4)

S = hS1, S2, . . .i (5)

G = hG1, G2, . . .i (6)

| 0i | 1i | 0i+ ei✓| 1i (7)

|0i⌦N
(8)

Pm Pauli P †
m = Pm�1 (9)

P2 Pauli P †
2 = P1 (10)

1

• Decoding protocol crucially relies on “scrambling”. 

Equations

Beni Yoshida

Perimeter Institute for Theoretical Physics

(Dated: January 8, 2018)

I. EQUATIONS

⇡ 1

d2A
(1)

� =
2⇡

�
U U † (2)

1 to
p
2n (3)

1p
d

dX

j=1

|ji ⌦ |ji (4)

OD(t) = e�iHtODe
iHt (5)

t  tscr (6)

Equations

Beni Yoshida

Perimeter Institute for Theoretical Physics

(Dated: January 8, 2018)

I. EQUATIONS

⇡ 1

d2A
dA (1)

� =
2⇡

�
U U † (2)

1 to
p
2n (3)

1p
d

dX

j=1

|ji ⌦ |ji (4)

OD(t) = e�iHtODe
iHt (5)

t  tscr (6)

• Probability of successful teleportation (measured by fidelity)

If maximally chaotic, then the fidelity is unity.
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Figure 1: The (almost) deterministic decoding protocol. Unfilled boxes represent EPR projectors
PA and PD.

Then the rest is the standard analysis of the Grover search algorithm. Consider a two-dimensional
plane spanned by | 

in

i and | 
out

i with real coe�cients (no imaginary part). Notice that appli-
cations of VA, VD keep wavefunctions on the two-dimensional plane. Let | ?i be a wavefunction
which lies on this plane and is orthogonal to | 

in

i: | ?i / (1 � PD)| 
out

i. Then VD is a reflection
across | ?i. This induces a rotation by angle ✓ with sin ✓

2

= 1

dA
when applied to | 

in

i. Similarly,
VA is a reflection across | 

in

i (see Fig. 2). Therefore, by applying V = VAVD, one can rotate
| 

in

i on the two-dimensional plane by angle ✓. After m steps, the probability of obtaining | 
out

i
is sin2

⇣�
m + 1

2

�
✓
⌘
. Therefore, for m ⇡ ⇡dA

4

, the success probability of this protocol can be made

close to unity. Note that the decoding complexity grows linearly with the message size dA.
This modified protocol works well as long as the system is nearly maximally scrambling. To be

concrete, let us assume that U is a Haar random unitary operator, and 1 < dA ⌧ dD ⌧ d. We find
that VD keeps wavefunctions on the two-dimensional plane spanned by | 

in

i and | 
out

i with real
coe�cients. But VA brings wavefunctions slightly out of the plane. Let | i = ↵| 

out

i + �| ?i be
an arbitrary state on the two-dimensional plane spanned by | 

in

i and | 
out

i with real coe�cients.
(So, we have ↵, � 2 R and ↵2 + �2 = 1). Let ⇧ be a projector onto the two-dimensional space
spanned by | 
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i and | 
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i: ⇧ = | 
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ih 
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| + | ?ih ?|. We then find that

⇧VA| i = ↵0| 
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where
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✓
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d2D

◆
↵0, �0 2 R. (6)

After applying V = VAVD in total of O(dA) times, the accumulated error is ⇠ O
⇣

d2A
d2D

⌘
. Therefore,
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• “Search for an EPR pair” (rotates to an EPR pair) by incorporating the Grover 
search algorithm
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conditions and studied the e↵ect of double trace deformations which couple two CFTs.

The bulk perspective is that the deformation sends negative energy on the bulk which

shifts the horizon so that the wormhole opens up for a while. Under this deformation, a

photon on the left boundary reaches the right boundary.

t = 0 t = tf t = tscr (54)

Our decoding protocol implies that, if we project outgoing Hawking radiations onto

EPR pairs, then Alice’s input can go through the black hole and reaches the righthand

side. In other words, the wormhole becomes traversable via postselection. It is unclear

what sort of geometry one should expect. We expect that the gray shaded region (WdW

patch) will experience substantial modifications.

Explain the shockwave back propagations.

Figure

Union of all the space-like surfaces anchored on t are called the Wheeler-DeWitt (WdW)

patch. W is the spacetime region determined by the data on the maximal slice. The geom-

etry will be a↵ected inside this patch. Since our treatment is at the infinite temperature

limit, the modification will be at the IR region. Such a thing is not possible before the

scrambling time, so the shaded region will be the ones which will be a↵ected.
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Figure 1: The (almost) deterministic decoding protocol. Unfilled boxes represent EPR projectors
PA and PD.

Then the rest is the standard analysis of the Grover search algorithm. Consider a two-dimensional
plane spanned by | 
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i and | 
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i with real coe�cients (no imaginary part). Notice that appli-
cations of VA, VD keep wavefunctions on the two-dimensional plane. Let | ?i be a wavefunction
which lies on this plane and is orthogonal to | 
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i: | ?i / (1 � PD)| 
out

i. Then VD is a reflection
across | ?i. This induces a rotation by angle ✓ with sin ✓
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i (see Fig. 2). Therefore, by applying V = VAVD, one can rotate
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. Therefore, for m ⇡ ⇡dA

4

, the success probability of this protocol can be made

close to unity. Note that the decoding complexity grows linearly with the message size dA.
This modified protocol works well as long as the system is nearly maximally scrambling. To be

concrete, let us assume that U is a Haar random unitary operator, and 1 < dA ⌧ dD ⌧ d. We find
that VD keeps wavefunctions on the two-dimensional plane spanned by | 

in

i and | 
out

i with real
coe�cients. But VA brings wavefunctions slightly out of the plane. Let | i = ↵| 

out

i + �| ?i be
an arbitrary state on the two-dimensional plane spanned by | 
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i with real coe�cients.
(So, we have ↵, � 2 R and ↵2 + �2 = 1). Let ⇧ be a projector onto the two-dimensional space
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After applying V = VAVD in total of O(dA) times, the accumulated error is ⇠ O
⇣

d2A
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⌘
. Therefore,
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• “Search for an EPR pair” (rotates to an EPR pair) by incorporating the Grover 
search algorithm
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conditions and studied the e↵ect of double trace deformations which couple two CFTs.

The bulk perspective is that the deformation sends negative energy on the bulk which

shifts the horizon so that the wormhole opens up for a while. Under this deformation, a

photon on the left boundary reaches the right boundary.

t = 0 t = tf t = tscr (54)

Our decoding protocol implies that, if we project outgoing Hawking radiations onto

EPR pairs, then Alice’s input can go through the black hole and reaches the righthand

side. In other words, the wormhole becomes traversable via postselection. It is unclear

what sort of geometry one should expect. We expect that the gray shaded region (WdW

patch) will experience substantial modifications.

Explain the shockwave back propagations.

Figure

Union of all the space-like surfaces anchored on t are called the Wheeler-DeWitt (WdW)

patch. W is the spacetime region determined by the data on the maximal slice. The geom-

etry will be a↵ected inside this patch. Since our treatment is at the infinite temperature

limit, the modification will be at the IR region. Such a thing is not possible before the

scrambling time, so the shaded region will be the ones which will be a↵ected.
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conditions and studied the e↵ect of double trace deformations which couple two CFTs.

The bulk perspective is that the deformation sends negative energy on the bulk which

shifts the horizon so that the wormhole opens up for a while. Under this deformation, a

photon on the left boundary reaches the right boundary.

t = 0 t = tf t = tscr (54)

Our decoding protocol implies that, if we project outgoing Hawking radiations onto

EPR pairs, then Alice’s input can go through the black hole and reaches the righthand

side. In other words, the wormhole becomes traversable via postselection. It is unclear

what sort of geometry one should expect. We expect that the gray shaded region (WdW

patch) will experience substantial modifications.

Explain the shockwave back propagations.

Figure

Union of all the space-like surfaces anchored on t are called the Wheeler-DeWitt (WdW)

patch. W is the spacetime region determined by the data on the maximal slice. The geom-

etry will be a↵ected inside this patch. Since our treatment is at the infinite temperature

limit, the modification will be at the IR region. Such a thing is not possible before the

scrambling time, so the shaded region will be the ones which will be a↵ected.
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The bulk perspective is that the deformation sends negative energy on the bulk which

shifts the horizon so that the wormhole opens up for a while. Under this deformation, a

photon on the left boundary reaches the right boundary.

t = 0 t = tf t = tscr (54)

Our decoding protocol implies that, if we project outgoing Hawking radiations onto

EPR pairs, then Alice’s input can go through the black hole and reaches the righthand

side. In other words, the wormhole becomes traversable via postselection. It is unclear

what sort of geometry one should expect. We expect that the gray shaded region (WdW

patch) will experience substantial modifications.

Explain the shockwave back propagations.

Figure

Union of all the space-like surfaces anchored on t are called the Wheeler-DeWitt (WdW)

patch. W is the spacetime region determined by the data on the maximal slice. The geom-

etry will be a↵ected inside this patch. Since our treatment is at the infinite temperature

limit, the modification will be at the IR region. Such a thing is not possible before the

scrambling time, so the shaded region will be the ones which will be a↵ected.
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• By coupling the left and right boundary appropriately, a wormhole becomes traversable 
[Gao-Jafferis-Wall, Maldacena-Stanford-Yang]

Traversable wormhole in AdS black hole ?
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conditions and studied the e↵ect of double trace deformations which couple two CFTs.

The bulk perspective is that the deformation sends negative energy on the bulk which

shifts the horizon so that the wormhole opens up for a while. Under this deformation, a

photon on the left boundary reaches the right boundary.

t = 0 t = tf t = tscr (54)

Our decoding protocol implies that, if we project outgoing Hawking radiations onto

EPR pairs, then Alice’s input can go through the black hole and reaches the righthand

side. In other words, the wormhole becomes traversable via postselection. It is unclear

what sort of geometry one should expect. We expect that the gray shaded region (WdW

patch) will experience substantial modifications.

Explain the shockwave back propagations.

Figure

Union of all the space-like surfaces anchored on t are called the Wheeler-DeWitt (WdW)

patch. W is the spacetime region determined by the data on the maximal slice. The geom-

etry will be a↵ected inside this patch. Since our treatment is at the infinite temperature

limit, the modification will be at the IR region. Such a thing is not possible before the

scrambling time, so the shaded region will be the ones which will be a↵ected.
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• By coupling the left and right boundary appropriately, a wormhole becomes traversable 
[Gao-Jafferis-Wall, Maldacena-Stanford-Yang]

Traversable wormhole in AdS black hole ?

• Decoder for Hayden-Preskill may be interpreted as a traversable wormhole ?



• Reverse the time direction !

Holographic interpretation ?

time

time

conditions and studied the e↵ect of double trace deformations which couple two CFTs.

The bulk perspective is that the deformation sends negative energy on the bulk which

shifts the horizon so that the wormhole opens up for a while. Under this deformation, a

photon on the left boundary reaches the right boundary.
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Our decoding protocol implies that, if we project outgoing Hawking radiations onto

EPR pairs, then Alice’s input can go through the black hole and reaches the righthand

side. In other words, the wormhole becomes traversable via postselection. It is unclear

what sort of geometry one should expect. We expect that the gray shaded region (WdW

patch) will experience substantial modifications.

Explain the shockwave back propagations.

Figure

Union of all the space-like surfaces anchored on t are called the Wheeler-DeWitt (WdW)

patch. W is the spacetime region determined by the data on the maximal slice. The geom-

etry will be a↵ected inside this patch. Since our treatment is at the infinite temperature

limit, the modification will be at the IR region. Such a thing is not possible before the

scrambling time, so the shaded region will be the ones which will be a↵ected.
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Figure of the Hayden-Preskill.

2.2 Teleportation via post-selection

The decoding protocol is summarized in Fig ??. For simplicity of discussion, we assume

that Alice prepares a single-qubit quantum state | i (a = 1) and Bob collects a single

qubit from the Hawking radiation (d = 1). Generalization is straightforward. In addition

to the entangled quantum memory B0, Bob holds an EPR pair |EPRiA0R0 (a0 = r0 = 1).

Let U⇤ be the complex conjugate of the time evolution operator U . Bob applies U⇤ to the

quantum memory B0 and the A0 qubit of the EPR pair |EPRiA0R0 while keeping R0 as a

register qubit. 1 Bob does the operation in a way AB and A0B0 are symmetric. After the

time evolution, one obtains

| iCDD0C0R0 = (UAB ⌦ U⇤
B0A0 ⌦ IR0)| iA ⌦ |EPRiBB0 ⌦ |EPRiA0R0 (4)

1We need the time-reversal conjugate U⇤, not the inverse operator U† because U ⌦U⇤|EPRi = |EPRi.
If U = e�iHt, then U⇤ = eiH⇤t = eiHT t where HT is the transpose of H.

7Figure 1: Teleportation with post-section. (a) Black circles represent black holes. Hori-
zontal lines represent maximal entanglement (EPR pairs). Red allows represent Hawking
radiations and the triangle represent the projection onto the EPR pair. Alice prepares a
quantum state | i on A which is teleported to Bob’s register qubit R0. (b) An alternative
formulation as distillation of an EPR pair on R, R0.

In this alternative formulation, the success of the teleportation is equivalent to the distil-

lation of |EPRiRR0 on Alice and Bob’s register qubits after the post-selection. If Alice had

prepared | i, then we project Alice’s register qubit onto | ⇤i so that A has an input of | i.
If RR0 were in |EPRiR0R, Bob’s register qubit would be projected onto | i, accomplishing

the teleportation.

The advantage of this formulation is that the overlap with |EPRiRR0 can be used as a

quantitative measure of successful decoding. Namely, we can define the EPR fidelity

FEPR := h�|ICC0 ⌦ ⇧RR0 |�i (9)

where |�i = |�iCC0RR0 and ⇧RR0 = |EPRihEPR|RR0 . For the perfect teleportation, we

need FEPR = 1. If RR0 are uncorrelated, then FEPR = 1
4

(or FEPR = 1
|D|2 )

5.

Why is such a simple decoding possible? It is due to scrambling. To gain some intuition,

consider a “maximally scrambling” system with I(A, BD) = 2 where A is maximally

entangled with BD in the state representation |UiABCD. Consider a single-qubit Pauli

operator XA acting on A. Then, I(A, BD) = 2 implies that there exists some unitary

5However, FEPR does not distinguish classical and quantum teleportation. For instance, if the telepor-
tation works for |0i and |1i but not for 1p

2
(|0i ± |1i), then FEPR = 1/2. This is closely related to the fact

that the mutual information does not distinguish classical and quantum correlations.

8
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The bulk perspective is that the deformation sends negative energy on the bulk which

shifts the horizon so that the wormhole opens up for a while. Under this deformation, a

photon on the left boundary reaches the right boundary.

t = 0 t = tf t = tscr (54)

Our decoding protocol implies that, if we project outgoing Hawking radiations onto

EPR pairs, then Alice’s input can go through the black hole and reaches the righthand

side. In other words, the wormhole becomes traversable via postselection. It is unclear

what sort of geometry one should expect. We expect that the gray shaded region (WdW

patch) will experience substantial modifications.

Explain the shockwave back propagations.

Figure

Union of all the space-like surfaces anchored on t are called the Wheeler-DeWitt (WdW)

patch. W is the spacetime region determined by the data on the maximal slice. The geom-

etry will be a↵ected inside this patch. Since our treatment is at the infinite temperature

limit, the modification will be at the IR region. Such a thing is not possible before the

scrambling time, so the shaded region will be the ones which will be a↵ected.
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2.2 Teleportation via post-selection

The decoding protocol is summarized in Fig ??. For simplicity of discussion, we assume

that Alice prepares a single-qubit quantum state | i (a = 1) and Bob collects a single

qubit from the Hawking radiation (d = 1). Generalization is straightforward. In addition

to the entangled quantum memory B0, Bob holds an EPR pair |EPRiA0R0 (a0 = r0 = 1).

Let U⇤ be the complex conjugate of the time evolution operator U . Bob applies U⇤ to the

quantum memory B0 and the A0 qubit of the EPR pair |EPRiA0R0 while keeping R0 as a

register qubit. 1 Bob does the operation in a way AB and A0B0 are symmetric. After the

time evolution, one obtains

| iCDD0C0R0 = (UAB ⌦ U⇤
B0A0 ⌦ IR0)| iA ⌦ |EPRiBB0 ⌦ |EPRiA0R0 (4)

1We need the time-reversal conjugate U⇤, not the inverse operator U† because U ⌦U⇤|EPRi = |EPRi.
If U = e�iHt, then U⇤ = eiH⇤t = eiHT t where HT is the transpose of H.

7Figure 1: Teleportation with post-section. (a) Black circles represent black holes. Hori-
zontal lines represent maximal entanglement (EPR pairs). Red allows represent Hawking
radiations and the triangle represent the projection onto the EPR pair. Alice prepares a
quantum state | i on A which is teleported to Bob’s register qubit R0. (b) An alternative
formulation as distillation of an EPR pair on R, R0.

In this alternative formulation, the success of the teleportation is equivalent to the distil-

lation of |EPRiRR0 on Alice and Bob’s register qubits after the post-selection. If Alice had

prepared | i, then we project Alice’s register qubit onto | ⇤i so that A has an input of | i.
If RR0 were in |EPRiR0R, Bob’s register qubit would be projected onto | i, accomplishing

the teleportation.

The advantage of this formulation is that the overlap with |EPRiRR0 can be used as a

quantitative measure of successful decoding. Namely, we can define the EPR fidelity

FEPR := h�|ICC0 ⌦ ⇧RR0 |�i (9)

where |�i = |�iCC0RR0 and ⇧RR0 = |EPRihEPR|RR0 . For the perfect teleportation, we

need FEPR = 1. If RR0 are uncorrelated, then FEPR = 1
4

(or FEPR = 1
|D|2 )

5.

Why is such a simple decoding possible? It is due to scrambling. To gain some intuition,

consider a “maximally scrambling” system with I(A, BD) = 2 where A is maximally

entangled with BD in the state representation |UiABCD. Consider a single-qubit Pauli

operator XA acting on A. Then, I(A, BD) = 2 implies that there exists some unitary

5However, FEPR does not distinguish classical and quantum teleportation. For instance, if the telepor-
tation works for |0i and |1i but not for 1p

2
(|0i ± |1i), then FEPR = 1/2. This is closely related to the fact

that the mutual information does not distinguish classical and quantum correlations.
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2.2 Teleportation via post-selection

The decoding protocol is summarized in Fig ??. For simplicity of discussion, we assume

that Alice prepares a single-qubit quantum state | i (a = 1) and Bob collects a single

qubit from the Hawking radiation (d = 1). Generalization is straightforward. In addition

to the entangled quantum memory B0, Bob holds an EPR pair |EPRiA0R0 (a0 = r0 = 1).

Let U⇤ be the complex conjugate of the time evolution operator U . Bob applies U⇤ to the

quantum memory B0 and the A0 qubit of the EPR pair |EPRiA0R0 while keeping R0 as a

register qubit. 1 Bob does the operation in a way AB and A0B0 are symmetric. After the

time evolution, one obtains

| iCDD0C0R0 = (UAB ⌦ U⇤
B0A0 ⌦ IR0)| iA ⌦ |EPRiBB0 ⌦ |EPRiA0R0 (4)

1We need the time-reversal conjugate U⇤, not the inverse operator U† because U ⌦U⇤|EPRi = |EPRi.
If U = e�iHt, then U⇤ = eiH⇤t = eiHT t where HT is the transpose of H.

7Figure 1: Teleportation with post-section. (a) Black circles represent black holes. Hori-
zontal lines represent maximal entanglement (EPR pairs). Red allows represent Hawking
radiations and the triangle represent the projection onto the EPR pair. Alice prepares a
quantum state | i on A which is teleported to Bob’s register qubit R0. (b) An alternative
formulation as distillation of an EPR pair on R, R0.

In this alternative formulation, the success of the teleportation is equivalent to the distil-

lation of |EPRiRR0 on Alice and Bob’s register qubits after the post-selection. If Alice had

prepared | i, then we project Alice’s register qubit onto | ⇤i so that A has an input of | i.
If RR0 were in |EPRiR0R, Bob’s register qubit would be projected onto | i, accomplishing

the teleportation.

The advantage of this formulation is that the overlap with |EPRiRR0 can be used as a

quantitative measure of successful decoding. Namely, we can define the EPR fidelity

FEPR := h�|ICC0 ⌦ ⇧RR0 |�i (9)

where |�i = |�iCC0RR0 and ⇧RR0 = |EPRihEPR|RR0 . For the perfect teleportation, we

need FEPR = 1. If RR0 are uncorrelated, then FEPR = 1
4

(or FEPR = 1
|D|2 )

5.

Why is such a simple decoding possible? It is due to scrambling. To gain some intuition,

consider a “maximally scrambling” system with I(A, BD) = 2 where A is maximally

entangled with BD in the state representation |UiABCD. Consider a single-qubit Pauli

operator XA acting on A. Then, I(A, BD) = 2 implies that there exists some unitary

5However, FEPR does not distinguish classical and quantum teleportation. For instance, if the telepor-
tation works for |0i and |1i but not for 1p

2
(|0i ± |1i), then FEPR = 1/2. This is closely related to the fact

that the mutual information does not distinguish classical and quantum correlations.
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Back to information loss…

• We should update “black hole complementarity”.

- There is no quantum cloning. An object can be pulled back from a black hole !

Black hole

previously…. modern interpretation

Black hole decoding

• We can probe the black hole interior !?
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Coarse-grained entropy

Scrambling and quantum computation

Beni Yoshida

Perimeter Institute for Theoretical Physics, Waterloo, Ontario N2L 2Y5, Canada

�S ⇡ E

T
� |R| (1)

1 Wigner function and OTOC

1.1 2pt and 4pt

In this section, we explore relations between Wigner function and OTOCs. Let us define 4pt and

2pt correlators as follows:

↵P,Q = hP (0)Q(t)P †(0)Q†(t)i �P,Q = hP (0)Q(t)i P,Q 2 Pauli. (2)

We can expand Q(t) in terms of Pauli operators by using �P,Q as follows

Q(t) =
X

R2Pauli

�R,QR
†. (3)

Plugging this into OTOCs, we have

↵P,Q =
X

R2Pauli

|�R,Q|2hPRP †R†i. (4)

Here hPRP †R†i is an invertible matrix, and we have

|�P,Q|2 =
X

R

↵Q,RhQRQ†R†i. (5)

Note that �(P,Q) = hPRP †R†i is often called a character.

To see that hPRP †R†i is invertible, consider the following wavefunction

| ui ⌘
1

d

X

Q2Pauli

hTuQT †
uQ

†i|Qi = 1

d

X

Q2Pauli

|TuQT †
ui Tu 2 Pauli (6)

1

entropy of a particle
volume of A

isometry
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�S ⇡ E
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� |R| (1)

1 Wigner function and OTOC

1.1 2pt and 4pt

In this section, we explore relations between Wigner function and OTOCs. Let us define 4pt and

2pt correlators as follows:

↵P,Q = hP (0)Q(t)P †(0)Q†(t)i �P,Q = hP (0)Q(t)i P,Q 2 Pauli. (2)

We can expand Q(t) in terms of Pauli operators by using �P,Q as follows

Q(t) =
X

R2Pauli

�R,QR
†. (3)

Plugging this into OTOCs, we have

↵P,Q =
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|�R,Q|2hPRP †R†i. (4)

Here hPRP †R†i is an invertible matrix, and we have

|�P,Q|2 =
X

R

↵Q,RhQRQ†R†i. (5)

Note that �(P,Q) = hPRP †R†i is often called a character.

To see that hPRP †R†i is invertible, consider the following wavefunction
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This is a note on majorana fractons. Some results are

• Construction of type-II model with string and fractal.

|D| � |A|+ |R|
2

' |A|
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(1)

|D| � |A| (2)

1 Convention

We use the following convention to classify fracton topological phases. Note that this classification is mutually not exclusive
as a system may be a composite of di↵erent types.

• Type-0: Toric code or fermionic Toric code. Point-like excitations move freely in 3D.

• Type-I: Point-like excitations can move freely only in 2D.

• Type-II: Fractal excitations and point-like excitations. Point-like excitations can move freely only in 1D.

• Type-III: No point-like excitations.

Given a n qubit quantum code, one can construct 4n majorana fermion code in a straightforward manner. We do not
consider such trivial majoranization in this paper. This is stupid. What is a non-trivial majoranization?

We will utilize polynomial representations of translation invariant quantum codes. See [? ] for details. Consider a
bipartite lattice where majorana fermions live on each vertices. In general, the following choice of stabilizer generators
realizes a majorana fermion code:

�

✓
f
f̄↵

◆
where f̄(x, y, z) = f(x�1, y�1, z�1) ↵↵̄ = 1 (3)

where all the terms commute with each other. Here ↵ represents translations as ↵↵̄ = 1 implies that ↵ is a polynomial
with a single term.

We use the following shorthand notation:

(1 + g)�1 = 1 + g + g2 + · · · . (4)

2 Majorana fracton Type-I

3 Majorana fracton Type-II

We present a majorana fracton model of type-II. Consider the case where f = 1 + x + y + z where f is the generators of
the 3D Z2-Sierpinski fractal:

H = �
X

i,j,k

S
ijk

S
ijk

= �

✓
fxiyjzk

f̄xiyjzk

◆
. (5)
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conditions and studied the e↵ect of double trace deformations which couple two CFTs.

The bulk perspective is that the deformation sends negative energy on the bulk which

shifts the horizon so that the wormhole opens up for a while. Under this deformation, a

photon on the left boundary reaches the right boundary.

t = 0 t = tf t = tscr (54)

Our decoding protocol implies that, if we project outgoing Hawking radiations onto

EPR pairs, then Alice’s input can go through the black hole and reaches the righthand

side. In other words, the wormhole becomes traversable via postselection. It is unclear

what sort of geometry one should expect. We expect that the gray shaded region (WdW

patch) will experience substantial modifications.

Explain the shockwave back propagations.

Figure

Union of all the space-like surfaces anchored on t are called the Wheeler-DeWitt (WdW)

patch. W is the spacetime region determined by the data on the maximal slice. The geom-

etry will be a↵ected inside this patch. Since our treatment is at the infinite temperature

limit, the modification will be at the IR region. Such a thing is not possible before the

scrambling time, so the shaded region will be the ones which will be a↵ected.
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OTOC

Time

1

0

time

time

conditions and studied the e↵ect of double trace deformations which couple two CFTs.

The bulk perspective is that the deformation sends negative energy on the bulk which

shifts the horizon so that the wormhole opens up for a while. Under this deformation, a

photon on the left boundary reaches the right boundary.

t = 0 t = tf t = tscr (54)

Our decoding protocol implies that, if we project outgoing Hawking radiations onto

EPR pairs, then Alice’s input can go through the black hole and reaches the righthand

side. In other words, the wormhole becomes traversable via postselection. It is unclear

what sort of geometry one should expect. We expect that the gray shaded region (WdW

patch) will experience substantial modifications.

Explain the shockwave back propagations.

Figure

Union of all the space-like surfaces anchored on t are called the Wheeler-DeWitt (WdW)

patch. W is the spacetime region determined by the data on the maximal slice. The geom-

etry will be a↵ected inside this patch. Since our treatment is at the infinite temperature

limit, the modification will be at the IR region. Such a thing is not possible before the

scrambling time, so the shaded region will be the ones which will be a↵ected.

Acknowledgment

I thank Alexei Kitaev for discussions on a related project which inspired this work. I thank

Ahmed Almheiri, Patrick Hayden, John Preskill, Rob Myers, Norman Yao for discussions

and comments. I have a mixed feeling about using one female (Alice) and one male (Bob)

to describe two observers, but decided to follow the convention in the literature.

20

conditions and studied the e↵ect of double trace deformations which couple two CFTs.

The bulk perspective is that the deformation sends negative energy on the bulk which

shifts the horizon so that the wormhole opens up for a while. Under this deformation, a

photon on the left boundary reaches the right boundary.

t = 0 t = tf t = tscr (54)

Our decoding protocol implies that, if we project outgoing Hawking radiations onto

EPR pairs, then Alice’s input can go through the black hole and reaches the righthand

side. In other words, the wormhole becomes traversable via postselection. It is unclear

what sort of geometry one should expect. We expect that the gray shaded region (WdW

patch) will experience substantial modifications.

Explain the shockwave back propagations.

Figure

Union of all the space-like surfaces anchored on t are called the Wheeler-DeWitt (WdW)

patch. W is the spacetime region determined by the data on the maximal slice. The geom-

etry will be a↵ected inside this patch. Since our treatment is at the infinite temperature

limit, the modification will be at the IR region. Such a thing is not possible before the

scrambling time, so the shaded region will be the ones which will be a↵ected.

Acknowledgment

I thank Alexei Kitaev for discussions on a related project which inspired this work. I thank

Ahmed Almheiri, Patrick Hayden, John Preskill, Rob Myers, Norman Yao for discussions

and comments. I have a mixed feeling about using one female (Alice) and one male (Bob)

to describe two observers, but decided to follow the convention in the literature.

20

conditions and studied the e↵ect of double trace deformations which couple two CFTs.

The bulk perspective is that the deformation sends negative energy on the bulk which

shifts the horizon so that the wormhole opens up for a while. Under this deformation, a

photon on the left boundary reaches the right boundary.

t = 0 t = tf t = tscr (54)

Our decoding protocol implies that, if we project outgoing Hawking radiations onto

EPR pairs, then Alice’s input can go through the black hole and reaches the righthand

side. In other words, the wormhole becomes traversable via postselection. It is unclear

what sort of geometry one should expect. We expect that the gray shaded region (WdW

patch) will experience substantial modifications.

Explain the shockwave back propagations.

Figure

Union of all the space-like surfaces anchored on t are called the Wheeler-DeWitt (WdW)

patch. W is the spacetime region determined by the data on the maximal slice. The geom-

etry will be a↵ected inside this patch. Since our treatment is at the infinite temperature

limit, the modification will be at the IR region. Such a thing is not possible before the

scrambling time, so the shaded region will be the ones which will be a↵ected.

Acknowledgment

I thank Alexei Kitaev for discussions on a related project which inspired this work. I thank

Ahmed Almheiri, Patrick Hayden, John Preskill, Rob Myers, Norman Yao for discussions

and comments. I have a mixed feeling about using one female (Alice) and one male (Bob)

to describe two observers, but decided to follow the convention in the literature.

20

conditions and studied the e↵ect of double trace deformations which couple two CFTs.

The bulk perspective is that the deformation sends negative energy on the bulk which

shifts the horizon so that the wormhole opens up for a while. Under this deformation, a

photon on the left boundary reaches the right boundary.

t = 0 t = tf t = tscr (54)

Our decoding protocol implies that, if we project outgoing Hawking radiations onto

EPR pairs, then Alice’s input can go through the black hole and reaches the righthand

side. In other words, the wormhole becomes traversable via postselection. It is unclear

what sort of geometry one should expect. We expect that the gray shaded region (WdW

patch) will experience substantial modifications.

Explain the shockwave back propagations.

Figure

Union of all the space-like surfaces anchored on t are called the Wheeler-DeWitt (WdW)

patch. W is the spacetime region determined by the data on the maximal slice. The geom-

etry will be a↵ected inside this patch. Since our treatment is at the infinite temperature

limit, the modification will be at the IR region. Such a thing is not possible before the

scrambling time, so the shaded region will be the ones which will be a↵ected.

Acknowledgment

I thank Alexei Kitaev for discussions on a related project which inspired this work. I thank

Ahmed Almheiri, Patrick Hayden, John Preskill, Rob Myers, Norman Yao for discussions

and comments. I have a mixed feeling about using one female (Alice) and one male (Bob)

to describe two observers, but decided to follow the convention in the literature.

20

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

Hstab = �
X

j

Sj (3)

Hsub = �
X

j

Gj (4)

S = hS1, S2, . . .i (5)

G = hG1, G2, . . .i (6)

| 0i | 1i | 0i+ ei✓| 1i (7)

|0i⌦N
(8)

Pm Pauli P †
m = Pm�1 (9)

P2 Pauli P †
2 = P1 (10)

1

A B

C D

B’ A’

D’ C’

EPR

R’

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

Hstab = �
X

j

Sj (3)

Hsub = �
X

j

Gj (4)

S = hS1, S2, . . .i (5)

G = hG1, G2, . . .i (6)

| 0i | 1i | 0i+ ei✓| 1i (7)

|0i⌦N
(8)

Pm Pauli P †
m = Pm�1 (9)

P2 Pauli P †
2 = P1 (10)

1

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

XA
˜XDB

˜X†
B0D0 X⇤

A (3)

Hstab = �
X

j

Sj (4)

Hsub = �
X

j

Gj (5)

S = hS1, S2, . . .i (6)

G = hG1, G2, . . .i (7)

| 0i | 1i | 0i+ ei✓| 1i (8)

|0i⌦N
(9)

Pm Pauli P †
m = Pm�1 (10)

1

Notes on classification of protected gates for Pauli

subsystem codes

March 8, 2017

Abstract

U U⇤ U† UT
(1)

| i | ⇤i (2)

Hstab = �
X

j

Sj (3)

Hsub = �
X

j

Gj (4)

S = hS1, S2, . . .i (5)

G = hG1, G2, . . .i (6)

| 0i | 1i | 0i+ ei✓| 1i (7)

|0i⌦N
(8)

Pm Pauli P †
m = Pm�1 (9)

P2 Pauli P †
2 = P1 (10)

1

• Decoding protocol distinguishes unitary scrambling from decoherence !

PEPR : OTOC decay with scrambling and decoherence

FEPR : OTOCs with scrambling only

If U = unitary + decoherence, …

• EPR projection

• Decoding fidelity

Experimental characterization of scrambling

• OTOC decay due to decoherence…
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