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Fluctuation-dissipation theorem

Classical example: Einstein relation for Brownian motion

D = ukgT Einstein (1905)
// \\
diffusion constant mobility u=v/F
fluctuation in equilibrium <« > transport (dissipation)

in nonequilibrium

>
F
| —
o X vy o c— e
(/ } —V
o ~ G
%) (—>




Fluctuation-dissipation theorem

h
C a5y (w) = coth ( “

ZkBT) Cia,B(w) Kubo (1957)

0

Ciap (W) z/ dte' ({A(t), B(0)}) Cia.p(w) z/ dte' ([A(1), B(0)])

— OO

fluctuation <«—— dissipation

V oo
Ex) P dt(J(1)J(0)) = Re 0,,(0) (Green-Kubo formula)
B 0
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Beyond linear response theory

Is there any law that governs fluctuations beyond linear response theory?

Fluctuation theorem Evans, Cohen, Morriss (1993), ...
plo) _ 5 . o
H(—0) =e O :entropy production over some time interval

Jarzynski equality Jarzynski (1997)

(e77y)=1 —— (0)>0 :2nd law of thermodynamics

If one applies the fluctuation theorem or Jarzysnki equality to near-
equilibrium, one obtains FDT.



Beyond linear response theory

We pursue a different direction of generalization of FDT.

Let us consider the second moments of fluctuation and dissipation.

({A(1), BO)}?) = (A()BO)A(1)B(0)) + - -
I ! Out-of-time-ordered correlator (OTOCQC)

([A(1), B(0)]*)

h
[Conventional FDT: Cy4 py(w) = coth <2kZ)T> Ciapl(w) ]

Question: Is there any relation among them?



Out-of-time-order FDT

Tsuji, Shitara, Ueda, Phys. Rev.E 97,012101 (2018)

hw
4kpT

C{A,B}z(w) + C[A,B]z(a)) = 2 coth < > C{A,B}[A,B](w)

OTOC w/ bipartite statistical average: Maldacena, Shenker, Stanford (2015), ...
LA ooa LA A
Ciapp (1) = Tr(p> {A(), B }p> {A0), B(f')})

cf. OTOC w/ usual statistical average:

Crany(t.1) = Te(p{A@), B }HA®, B()})
p=e Pz



Physical interpretation

Tsuji, Shitara, Ueda, Phys. Rev.E 97,012101 (2018)

hw
C{A,B}z(w) + C[A,B]z(a)) = 2 coth C{A,B}[A,B](w)
4kpT
(LHS): butterfly effect (chaotic properties).
C{A,B}z(l‘, 0) + C[A,B]z(l‘, 0) ~ e " /ﬂ

(RHS): certain nonlinear response function

2C a.5y14.8) (1, 0) ~ ilLG o (1) + Ly (0)]



Nonlinear response function

SH(t) = heps(t)B | | SH(1) = head(t — to)A measure B

+H -H
time
0 to 2t0

(A

1
(B(2ty)) = Z EneslOmm (Bt 63.,(B(21p)) = 5 L (10, 0)

m,n=0

The usual perturbation theory gives
2C (4,8y1A.81(1, 0) ~ i Ly po (D) + L 5 (1)
T

Up to the difference of usual and bipartite statistical averages



Difference of statistical averages

Bipartite statistical average:

Ciame (1) = Te(p? {AQ), B(')}p2 {Ar), B()})
— OTO-FDT

Usual statistical average:

Cranp(t.1) = Te(p{A®), B AW, B()})

The difference is represented by Wigner-Yanase skew information.
Tsuiji, Shitara, Ueda, Phys. Rev.E 97,012101 (2018)

Wigner-Yanase skew information:

Il ! (0, 0) = — %Tr([ﬁ% : 0]2) Wigner, Yanase (1963)

= Tr(pO*) — Tr(,f}% A,ﬁ% 0)



Skew information

Wigner-Yanase skew information quantifies information contents of
“quantum fluctuation” of O for a state .

(AOY*) = C(p, 0) + O(p, 0)
variance classical  quantum
|l

AO = 0 — (0) I%(,(A),OA) ‘

OTO-FDT w/ usual statistical average:

C (4,812 (W) + C 4,812 (W)

hiw ~ .
= coth [C1a,8y14,81(W) + Cla Biia,pr (W)] + [ap(w)
4kpT

skew information
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Quantum work FT

Kurchan (2000), Tasaki (2000)
Two-point measurement for the work

% A %
l
0

U
>
L time

t
_Igﬁ
Ao © AT AU _ fracpiygrt
pi=—— — pEY) > p° =Up(E)U
= |Ep) (Ex]
work: w:E{—E,i

probability: p = <E/l<\ﬁz\E/l<><Ef‘f)U|E{>



Quantum work FT

Kurchan (2000), Tasaki (2000)
Work probability distribution

pw) =Y 6w — El + ED)(EL|pi| E) (E] 1pV|E])
kl

Fluctuation theorem (Crooks relation)

p(w) _ Sw—AF)
p(—w)
AF = Fy — F; :equilibrium free-energy difference
Jarzynski relation

(e7P") = e PAY —— (w) > AF :second law



(A : (A

U
l >
L time
0 t
pi — P(E}) > pU = Up(E)UT

= |Ex) (i

In the above scheme, one obtains limited information on the

quantum state pY, i.e., only the diagonal component
<E{|,6U\Ef> is available.



. > time
0 t
pi — pE') > (El|pY(ED|ES)
pi — p(E. > (El|pY(EY|E])

Question: How does the quantum state, including
off-diagonal components (E/ |pV|E/), distribute?




Forward process
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pi — P(ED) > (E]|pY(ED|ET)

Backward process

) £ 0
— ATT  —= — A ] éi — @A @-1
(E]|BY(ED|ES) BED) «— pi=0p;

time




Quantum state statistics

Tsuji, Ueda, arXiv:1807.1 1683

energy
measurement quantum-state 5], (w)
data
A [
pi — P(E}) — (E]|pY(ED|EL)
pi — P(EY) — (E]|pY(EY|EL) E,
f
L,

[Plim(w) = 60w — (A(E] + Ef) — EDY(E! |pU(ED)| EL)



Quantum state statistics

Distribution function defined by the n-th moment

1
prw) = = Tr([p1™"(w)) (n=1,2,...)

WS T = [ dw' SRl — W)l
/OO dw p,(w) = 1 pn(w) € R

p1(w) is the work probability distribution.
pn(w) (n > 2) is not necessarily positive semidefinite.

— quasiprobability distribution



FT for quantum state statistics

Tsuji, Ueda, arXiv:1807.1 1683

pn(W) _ eﬁ(w—nAF(n,B)) (n — 1, 2, o )
pn(_w)

For n=1, the relation reduces to the quantum work FT.

For n>=2, the relation gives an extension of the quantum
work FT to quantum state statistics.

(LHS): p,(W) and p»(—W) strongly depends on U .

(RHS): only depends on the equilibrium quantities.



Integral FT for quantum state statistics

Tsuji, Ueda, arXiv:1807.1 1683

(e Py, = e PATUE) (n=1,2,...)

For n=1, the relation reduces to the Jarzynski equality.

One might be tempted to derive an inequality,
(W), > nAF(nB) (1)

This is, however, possible only if p,(w) is positive semidefinite.

pn(w) (n = 2) is not necessarily positive semidefinite.



Characteristic function

G,(u) = /OO dwe™p,(w) (n=1,2,...)

— OO

G,(u) (n > 2) is an out-of-time-ordered correlation
function.

1 n . . .
Ga(u) = A—/zTr[ﬁiW)fu<0>wf,u<t>ﬁiW,Tu<0>wf,u<t>]

aN

Wiu — eluH,' W y — elqu
, /s

G,(u) satisfies a symmetry relation,

Zf(l’lﬁ) Gn(—l/t + Z,B) R pn(W) _ eIB(W—nAF(n,B))

Gn — -
W=7 Ba(—w)



Derivation of OTO-FDT

Cumulant expansion of the integral FT up to third order.

2
W)l — AFB) = E @) ls — L (@w)

1 2
09l — AFB) & £ (A7)l — E(anr)

Perturbative expansion up to the second order around the
equilibrium.

hw
CiaBya,B(w) & 'BT[C (4,812 (W) + Ciy pp(w)]

— near-zero-frequency part of OTO-FDT



Numerical test of QSS FT

® |D hardcore boson model

p2(w)

A(s) =~y (blbiwi +hc) + V()Y nlnl,,

7 Z(bjblq_z + hC) +V Z n?nib+2

P2(w)

V=2—=4+7=V =1,
B=0.1,L=12,N=4

Aw = 0.04 :
15
R = pa(w)/pa(—w) /el =22 ~ 1.0
0.5
0.0
—-10 -5 0 5 10



Fluctuation of QSS

1 1 o0 D2
Apy = Z-(,B)sznl = Z-(,B)/_ dw |p2(w)] Apy < (gal)a)z

nan-integrable
—~ {'ﬁ%‘ C Ap L
e =P'=1

<Q4 —— =) '=2-1 intégrable
—— '=)"'=D"2
1073 —— t'=y'=2">
i_pi_n-4  NJL=1/3, V=24
—o— '=1"=( ﬁ =(
6 9 12 15 18 21 24
L




Summary

We proved the fluctuation theorem for quantum state

statistics. Tsuji, Ueda, arXiv:1807.11683

pn(W) _ eIB(w—nAF(n,B)) (n = 1,2,... )
pn(_w)

n=| corresponds to the quantum work FT.
n=2 reproduces OTO-FDT near equilibrium.

Fluctuation of quantum state statistics <=> quantum chaos

And what else ? ...



