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Fluctuation-dissipation theorem

• Classical example:  Einstein relation for Brownian motion

D = µkBT

diffusion constant

Einstein (1905)

F

v

mobility

fluctuation in equilibrium transport (dissipation)
in nonequilibrium

µ = v/F
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Kubo (1957)

fluctuation dissipation

(Green-Kubo formula)Ex)

Fluctuation-dissipation theorem

J
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Z 1
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dthJx(t)Jx(0)i = Re�xx(0)

<latexit sha1_base64="WgLP/xHQHVtBvNAe5OZiHW9dfTE="></latexit><latexit sha1_base64="WgLP/xHQHVtBvNAe5OZiHW9dfTE="></latexit><latexit sha1_base64="WgLP/xHQHVtBvNAe5OZiHW9dfTE="></latexit><latexit sha1_base64="WgLP/xHQHVtBvNAe5OZiHW9dfTE="></latexit>



Beyond linear response theory

• Is there any law that governs fluctuations beyond linear response theory?

• Fluctuation theorem        Evans, Cohen, Morriss (1993), …

• If one applies the fluctuation theorem or Jarzysnki equality to near-
equilibrium, one obtains FDT.

• Jarzynski equality        Jarzynski (1997)

: entropy production over some time interval
p(�)

p̄(��)
= e�
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: 2nd law of thermodynamics



[Conventional FDT:                                                         ]

Beyond linear response theory

• We pursue a different direction of generalization of FDT.

• Let us consider the second moments of fluctuation and dissipation.

Out-of-time-ordered correlator (OTOC)

 Question:  Is there any relation among them?

C{A,B}(�) = coth
�
��

2kBT

�
C[A,B](�)

h{A(t), B(0)}2i = hA(t)B(0)A(t)B(0)i + · · ·
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Out-of-time-order FDT
Tsuji, Shitara, Ueda, Phys. Rev. E 97, 012101 (2018)

C{A,B}2 (�) +C[A,B]2 (�) = 2 coth
�
��

4kBT

�
C{A,B}[A,B](�)

cf. OTOC w/ usual statistical average:

OTOC w/ bipartite statistical average: Maldacena, Shenker, Stanford (2015), …

C{A,B}2 (t, t�) � Tr(�̂
1
2 {Â(t), B̂(t�)}�̂ 1

2 {Â(t), B̂(t�)})
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Physical interpretation
Tsuji, Shitara, Ueda, Phys. Rev. E 97, 012101 (2018)

C{A,B}2 (�) +C[A,B]2 (�) = 2 coth
�
��

4kBT

�
C{A,B}[A,B](�)

• (LHS): butterfly effect (chaotic properties).

• (RHS): certain nonlinear response function

C{A,B}2 (t, 0) +C[A,B]2 (t, 0) � e�t
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Nonlinear response function

0 t0 2t0

measure  

+H −H
time

�Ĥ(t) = ~"B�(t)B̂ �Ĥ(t) = ~"A�(t � t0)Â B̂

�B̂(2t0)� =
��

m,n=0

�m
A�

n
B[�m+n

AmBn�B̂(2t0)�] �3A2B�B̂(2t0)� =:
1
2

L(3)
(AB)2 (t0, 0)

• The usual perturbation theory gives

Up to the difference of usual and bipartite statistical averages

2C{A,B}[A,B](t, 0) � i[L(3)
(AB)2 (t) + L(1)

A2 B2 (t)]



Difference of statistical averages

C{A,B}2 (t, t�) � Tr(�̂
1
2 {Â(t), B̂(t�)}�̂ 1

2 {Â(t), B̂(t�)})
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• Bipartite statistical average:

• Usual statistical average:

• The difference is represented by Wigner-Yanase skew information.

Wigner-Yanase skew information:

Wigner,  Yanase (1963)

Tsuji, Shitara, Ueda, Phys. Rev. E 97, 012101 (2018)

→ OTO-FDT

I 1
2
(�̂, Ô) � � 1

2 Tr([�̂
1
2 , Ô]2)

= Tr(�̂Ô2) � Tr(�̂
1
2 Ô�̂

1
2 Ô)
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Skew information
• Wigner-Yanase skew information quantifies information contents of 
“quantum fluctuation” of      for a state    .

classical quantum

�Ô � Ô � �Ô� I 1
2
(�̂, Ô)
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• OTO-FDT w/ usual statistical average:

skew information

O
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Quantum work FT

• Two-point measurement for the work

0 t
time

⇢̂(Ei
k)

= |Ei
kihEi

k|
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Kurchan (2000),  Tasaki (2000)

work: w = E f
l � Ei

k
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Quantum work FT

• Work probability distribution

• Fluctuation theorem (Crooks relation)

p(w)
p̄(�w)

= e�(w��F)
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: equilibrium free-energy difference

• Jarzynski relation

he��wi = e���F
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: second law

Kurchan (2000),  Tasaki (2000)

p(w) =
X

kl

�(w � E f
l + Ei

k)hEi
k|⇢̂i|Ei

kihE
f
l |⇢̂

U |E f
l i
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• In the above scheme, one obtains limited information on the 
quantum state     ,  i.e., only the diagonal component                          
                 is available.

0 t
time

⇢̂(Ei
k)

= |Ei
kihEi

k|
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<latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit>



0 t
time

Û
<latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit><latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit><latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit><latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit>

⇢̂i
<latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit>

⇢̂(Ei
1)

<latexit sha1_base64="SlG7sOgICHOnaSYEKCJMgDKMVUM="></latexit><latexit sha1_base64="SlG7sOgICHOnaSYEKCJMgDKMVUM="></latexit><latexit sha1_base64="SlG7sOgICHOnaSYEKCJMgDKMVUM="></latexit><latexit sha1_base64="SlG7sOgICHOnaSYEKCJMgDKMVUM="></latexit>

⇢̂(Ei
2)

<latexit sha1_base64="Chz6C5lPJhzoUWkezUtOQUy6WOI="></latexit><latexit sha1_base64="Chz6C5lPJhzoUWkezUtOQUy6WOI="></latexit><latexit sha1_base64="Chz6C5lPJhzoUWkezUtOQUy6WOI="></latexit><latexit sha1_base64="Chz6C5lPJhzoUWkezUtOQUy6WOI="></latexit>

⇢̂i
<latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit>

···
<latexit sha1_base64="5P4bn/iGAlnh9Rw14rGfNvIhS7o="></latexit><latexit sha1_base64="5P4bn/iGAlnh9Rw14rGfNvIhS7o="></latexit><latexit sha1_base64="5P4bn/iGAlnh9Rw14rGfNvIhS7o="></latexit><latexit sha1_base64="5P4bn/iGAlnh9Rw14rGfNvIhS7o="></latexit>

···
<latexit sha1_base64="5P4bn/iGAlnh9Rw14rGfNvIhS7o="></latexit><latexit sha1_base64="5P4bn/iGAlnh9Rw14rGfNvIhS7o="></latexit><latexit sha1_base64="5P4bn/iGAlnh9Rw14rGfNvIhS7o="></latexit><latexit sha1_base64="5P4bn/iGAlnh9Rw14rGfNvIhS7o="></latexit>

 Question:  How does the quantum state, including 
off-diagonal components                , distribute?hE f

l |⇢̂
U |E f

mi
<latexit sha1_base64="TGXDu/Cjig4h/6nF//SDjhyNwT0="></latexit><latexit sha1_base64="TGXDu/Cjig4h/6nF//SDjhyNwT0="></latexit><latexit sha1_base64="TGXDu/Cjig4h/6nF//SDjhyNwT0="></latexit><latexit sha1_base64="TGXDu/Cjig4h/6nF//SDjhyNwT0="></latexit>

�E f
l |�̂U(Ei

1)|E f
m�

<latexit sha1_base64="F5TWNZp0BaR3k886229/Jjc/YzI="></latexit><latexit sha1_base64="F5TWNZp0BaR3k886229/Jjc/YzI="></latexit><latexit sha1_base64="F5TWNZp0BaR3k886229/Jjc/YzI="></latexit><latexit sha1_base64="F5TWNZp0BaR3k886229/Jjc/YzI="></latexit>

�E f
l |�̂U(Ei

2)|E f
m�

<latexit sha1_base64="o7vjusKxlINJTn1UGkOiXsXqASQ="></latexit><latexit sha1_base64="o7vjusKxlINJTn1UGkOiXsXqASQ="></latexit><latexit sha1_base64="o7vjusKxlINJTn1UGkOiXsXqASQ="></latexit><latexit sha1_base64="o7vjusKxlINJTn1UGkOiXsXqASQ="></latexit>



0 t
time

Û
<latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit><latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit><latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit><latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit>

⇢̂i
<latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit>

t 0
time

ˆ̄U = ⇥Û†⇥�1
<latexit sha1_base64="X2aLtFZ2WqpYFPwOlbbQf7oeZnk="></latexit><latexit sha1_base64="X2aLtFZ2WqpYFPwOlbbQf7oeZnk="></latexit><latexit sha1_base64="X2aLtFZ2WqpYFPwOlbbQf7oeZnk="></latexit><latexit sha1_base64="X2aLtFZ2WqpYFPwOlbbQf7oeZnk="></latexit>

ˆ̄⇢i = ⇥⇢̂ f⇥
�1

<latexit sha1_base64="bPwwSRyTypM/2PmYL+tmh/qdlfg="></latexit><latexit sha1_base64="bPwwSRyTypM/2PmYL+tmh/qdlfg="></latexit><latexit sha1_base64="bPwwSRyTypM/2PmYL+tmh/qdlfg="></latexit><latexit sha1_base64="bPwwSRyTypM/2PmYL+tmh/qdlfg="></latexit>

ˆ̄⇢(Ēi
k)

<latexit sha1_base64="hZW7wNr0YM42/tO6e2DDP+8PM30="></latexit><latexit sha1_base64="hZW7wNr0YM42/tO6e2DDP+8PM30="></latexit><latexit sha1_base64="hZW7wNr0YM42/tO6e2DDP+8PM30="></latexit><latexit sha1_base64="hZW7wNr0YM42/tO6e2DDP+8PM30="></latexit>

hE f
l |⇢̂

U(Ei
k)|E f

mi
<latexit sha1_base64="EK3Wvfq5LuqbQYKhOQNwWi53QPM="></latexit><latexit sha1_base64="EK3Wvfq5LuqbQYKhOQNwWi53QPM="></latexit><latexit sha1_base64="EK3Wvfq5LuqbQYKhOQNwWi53QPM="></latexit><latexit sha1_base64="EK3Wvfq5LuqbQYKhOQNwWi53QPM="></latexit>

⇢̂(Ei
k)

<latexit sha1_base64="JWceTa2jNBX6F6oOhpEvV+cGHaM="></latexit><latexit sha1_base64="JWceTa2jNBX6F6oOhpEvV+cGHaM="></latexit><latexit sha1_base64="JWceTa2jNBX6F6oOhpEvV+cGHaM="></latexit><latexit sha1_base64="JWceTa2jNBX6F6oOhpEvV+cGHaM="></latexit>

hĒ f
l | ˆ̄⇢

Ū(Ēi
k)|Ē f

mi
<latexit sha1_base64="s20vRDZynzHM7chdgqGDjPV9R3o="></latexit><latexit sha1_base64="s20vRDZynzHM7chdgqGDjPV9R3o="></latexit><latexit sha1_base64="s20vRDZynzHM7chdgqGDjPV9R3o="></latexit><latexit sha1_base64="s20vRDZynzHM7chdgqGDjPV9R3o="></latexit>

• Forward process

• Backward process



Quantum state statistics

quantum-state
data

...
<latexit sha1_base64="DXcEv+KoNcgzgIrJDyGxzGGt1qU="></latexit><latexit sha1_base64="DXcEv+KoNcgzgIrJDyGxzGGt1qU="></latexit><latexit sha1_base64="DXcEv+KoNcgzgIrJDyGxzGGt1qU="></latexit><latexit sha1_base64="DXcEv+KoNcgzgIrJDyGxzGGt1qU="></latexit>

...
<latexit sha1_base64="DXcEv+KoNcgzgIrJDyGxzGGt1qU="></latexit><latexit sha1_base64="DXcEv+KoNcgzgIrJDyGxzGGt1qU="></latexit><latexit sha1_base64="DXcEv+KoNcgzgIrJDyGxzGGt1qU="></latexit><latexit sha1_base64="DXcEv+KoNcgzgIrJDyGxzGGt1qU="></latexit> E f

l
<latexit sha1_base64="RcCrbRrez0a4qJlx6sFrx6+8Y30="></latexit><latexit sha1_base64="RcCrbRrez0a4qJlx6sFrx6+8Y30="></latexit><latexit sha1_base64="RcCrbRrez0a4qJlx6sFrx6+8Y30="></latexit><latexit sha1_base64="RcCrbRrez0a4qJlx6sFrx6+8Y30="></latexit>

E f
m

<latexit sha1_base64="r7hiJr4Paim6p4DpQ+Qbswhvm9A="></latexit><latexit sha1_base64="r7hiJr4Paim6p4DpQ+Qbswhvm9A="></latexit><latexit sha1_base64="r7hiJr4Paim6p4DpQ+Qbswhvm9A="></latexit><latexit sha1_base64="r7hiJr4Paim6p4DpQ+Qbswhvm9A="></latexit>

�̂i
<latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit>

�̂i
<latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit><latexit sha1_base64="PhZEgi75yFsG3lCDzFRRedipwdA="></latexit>

�̂(Ei
1)

<latexit sha1_base64="SlG7sOgICHOnaSYEKCJMgDKMVUM="></latexit><latexit sha1_base64="SlG7sOgICHOnaSYEKCJMgDKMVUM="></latexit><latexit sha1_base64="SlG7sOgICHOnaSYEKCJMgDKMVUM="></latexit><latexit sha1_base64="SlG7sOgICHOnaSYEKCJMgDKMVUM="></latexit>

�̂(Ei
2)

<latexit sha1_base64="Chz6C5lPJhzoUWkezUtOQUy6WOI="></latexit><latexit sha1_base64="Chz6C5lPJhzoUWkezUtOQUy6WOI="></latexit><latexit sha1_base64="Chz6C5lPJhzoUWkezUtOQUy6WOI="></latexit><latexit sha1_base64="Chz6C5lPJhzoUWkezUtOQUy6WOI="></latexit>

�E f
l |�̂U(Ei

1)|E f
m�

<latexit sha1_base64="F5TWNZp0BaR3k886229/Jjc/YzI="></latexit><latexit sha1_base64="F5TWNZp0BaR3k886229/Jjc/YzI="></latexit><latexit sha1_base64="F5TWNZp0BaR3k886229/Jjc/YzI="></latexit><latexit sha1_base64="F5TWNZp0BaR3k886229/Jjc/YzI="></latexit>

�E f
l |�̂U(Ei

2)|E f
m�

<latexit sha1_base64="o7vjusKxlINJTn1UGkOiXsXqASQ="></latexit><latexit sha1_base64="o7vjusKxlINJTn1UGkOiXsXqASQ="></latexit><latexit sha1_base64="o7vjusKxlINJTn1UGkOiXsXqASQ="></latexit><latexit sha1_base64="o7vjusKxlINJTn1UGkOiXsXqASQ="></latexit>

[[�̂]]lm(w)
<latexit sha1_base64="jYxL3sq2YaTHX0+vR1FxlsYqnAk="></latexit><latexit sha1_base64="jYxL3sq2YaTHX0+vR1FxlsYqnAk="></latexit><latexit sha1_base64="jYxL3sq2YaTHX0+vR1FxlsYqnAk="></latexit><latexit sha1_base64="jYxL3sq2YaTHX0+vR1FxlsYqnAk="></latexit>

Û
<latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit><latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit><latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit><latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit>

energy 
measurement

Tsuji, Ueda, arXiv:1807.11683

[[⇢̂]]lm(w) = �(w � ( 1
2 (E f

l + E f
m) � Ei

k))hE f
l |⇢̂U(Ei

k)|E f
mi

<latexit sha1_base64="8WHkxWg6+HjHF4dGnFNSItfkeUU="></latexit><latexit sha1_base64="8WHkxWg6+HjHF4dGnFNSItfkeUU="></latexit><latexit sha1_base64="8WHkxWg6+HjHF4dGnFNSItfkeUU="></latexit><latexit sha1_base64="8WHkxWg6+HjHF4dGnFNSItfkeUU="></latexit>



Quantum state statistics

• Distribution function defined by the n-th moment

pn(w) ⌘ 1
Nn

Tr([[⇢̂]]~n(w)) (n = 1, 2, . . . )
<latexit sha1_base64="bAUYx9rdvjBfznsqnS1ZAeoW+vA="></latexit><latexit sha1_base64="bAUYx9rdvjBfznsqnS1ZAeoW+vA="></latexit><latexit sha1_base64="bAUYx9rdvjBfznsqnS1ZAeoW+vA="></latexit><latexit sha1_base64="bAUYx9rdvjBfznsqnS1ZAeoW+vA="></latexit>

([[⇢̂]] ~ [[⇢̂]])lm(w) ⌘
Z 1

�1
dw0

X

n

[[⇢̂]]ln(w � w0)[[⇢̂]]nm(w0)
<latexit sha1_base64="8cfEcKsDlBlTVVhvmwjQKP8RlC4="></latexit><latexit sha1_base64="8cfEcKsDlBlTVVhvmwjQKP8RlC4="></latexit><latexit sha1_base64="8cfEcKsDlBlTVVhvmwjQKP8RlC4="></latexit><latexit sha1_base64="8cfEcKsDlBlTVVhvmwjQKP8RlC4="></latexit>Z 1

�1
dw pn(w) = 1

<latexit sha1_base64="9LMh8Nif0859JiG0Zz7oOcTEnhU="></latexit><latexit sha1_base64="9LMh8Nif0859JiG0Zz7oOcTEnhU="></latexit><latexit sha1_base64="9LMh8Nif0859JiG0Zz7oOcTEnhU="></latexit><latexit sha1_base64="9LMh8Nif0859JiG0Zz7oOcTEnhU="></latexit>

•           is the work probability distribution.p1(w)
<latexit sha1_base64="SvmGZBUfyXoc0UJ2qRscOtXG4zc="></latexit><latexit sha1_base64="SvmGZBUfyXoc0UJ2qRscOtXG4zc="></latexit><latexit sha1_base64="SvmGZBUfyXoc0UJ2qRscOtXG4zc="></latexit><latexit sha1_base64="SvmGZBUfyXoc0UJ2qRscOtXG4zc="></latexit>

•                        is not necessarily positive semidefinite.

pn(w) 2 R
<latexit sha1_base64="qjWjnbaIZu8CoFDXl7xjb7dxgV8="></latexit><latexit sha1_base64="qjWjnbaIZu8CoFDXl7xjb7dxgV8="></latexit><latexit sha1_base64="qjWjnbaIZu8CoFDXl7xjb7dxgV8="></latexit><latexit sha1_base64="qjWjnbaIZu8CoFDXl7xjb7dxgV8="></latexit>

pn(w) (n � 2)
<latexit sha1_base64="WROIcFJr5ZELmXtHQKCs93XxMQI="></latexit><latexit sha1_base64="WROIcFJr5ZELmXtHQKCs93XxMQI="></latexit><latexit sha1_base64="WROIcFJr5ZELmXtHQKCs93XxMQI="></latexit><latexit sha1_base64="WROIcFJr5ZELmXtHQKCs93XxMQI="></latexit>

→ quasiprobability distribution



FT for quantum state statistics

pn(w)
p̄n(�w)

= e�(w�n�F(n�)) (n = 1, 2, . . . )
<latexit sha1_base64="3UyrEv+bf0RIhIVO+RKtYODhrgo="></latexit><latexit sha1_base64="3UyrEv+bf0RIhIVO+RKtYODhrgo="></latexit><latexit sha1_base64="3UyrEv+bf0RIhIVO+RKtYODhrgo="></latexit><latexit sha1_base64="3UyrEv+bf0RIhIVO+RKtYODhrgo="></latexit>

• For n=1, the relation reduces to the quantum work FT.

• For n>=2, the relation gives an extension of the quantum 
work FT to quantum state statistics.

• (LHS):            and              strongly depends on     .pn(w)
<latexit sha1_base64="8tYv+in0UiFfHaQxpRdOoMsF+88="></latexit><latexit sha1_base64="8tYv+in0UiFfHaQxpRdOoMsF+88="></latexit><latexit sha1_base64="8tYv+in0UiFfHaQxpRdOoMsF+88="></latexit><latexit sha1_base64="8tYv+in0UiFfHaQxpRdOoMsF+88="></latexit>

p̄n(�w)
<latexit sha1_base64="EsiX9P3wckp9rG05D+k6jKgOhGE="></latexit><latexit sha1_base64="EsiX9P3wckp9rG05D+k6jKgOhGE="></latexit><latexit sha1_base64="EsiX9P3wckp9rG05D+k6jKgOhGE="></latexit><latexit sha1_base64="EsiX9P3wckp9rG05D+k6jKgOhGE="></latexit>

Û
<latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit><latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit><latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit><latexit sha1_base64="iy5hjY8Vd2faNY04TLp4VcZrE5E="></latexit>

• (RHS): only depends on the equilibrium quantities.

Tsuji, Ueda, arXiv:1807.11683



Integral FT for quantum state statistics

he��wipn = e�n��F(n�) (n = 1, 2, . . . )
<latexit sha1_base64="iZxgU0foKw/GSPLRYj7xoOHogMg="></latexit><latexit sha1_base64="iZxgU0foKw/GSPLRYj7xoOHogMg="></latexit><latexit sha1_base64="iZxgU0foKw/GSPLRYj7xoOHogMg="></latexit><latexit sha1_base64="iZxgU0foKw/GSPLRYj7xoOHogMg="></latexit>

• For n=1, the relation reduces to the Jarzynski equality.

• One might be tempted to derive an inequality,

hwipn � n�F(n�) (!)
<latexit sha1_base64="/lq0vAJ24syQcOczmQcWkq5Q5yg="></latexit><latexit sha1_base64="/lq0vAJ24syQcOczmQcWkq5Q5yg="></latexit><latexit sha1_base64="/lq0vAJ24syQcOczmQcWkq5Q5yg="></latexit><latexit sha1_base64="/lq0vAJ24syQcOczmQcWkq5Q5yg="></latexit>

• This is, however, possible only if           is positive semidefinite.pn(w)
<latexit sha1_base64="8tYv+in0UiFfHaQxpRdOoMsF+88="></latexit><latexit sha1_base64="8tYv+in0UiFfHaQxpRdOoMsF+88="></latexit><latexit sha1_base64="8tYv+in0UiFfHaQxpRdOoMsF+88="></latexit><latexit sha1_base64="8tYv+in0UiFfHaQxpRdOoMsF+88="></latexit>

•                        is not necessarily positive semidefinite.pn(w) (n � 2)
<latexit sha1_base64="WROIcFJr5ZELmXtHQKCs93XxMQI="></latexit><latexit sha1_base64="WROIcFJr5ZELmXtHQKCs93XxMQI="></latexit><latexit sha1_base64="WROIcFJr5ZELmXtHQKCs93XxMQI="></latexit><latexit sha1_base64="WROIcFJr5ZELmXtHQKCs93XxMQI="></latexit>

Tsuji, Ueda, arXiv:1807.11683



Characteristic function

•                        is an out-of-time-ordered correlation 
function.

Gn(u) ⌘
Z 1

�1
dw eiuw pn(w) (n = 1, 2, . . . )

<latexit sha1_base64="FEqxZ7u1U82NBPfqCRlT2efdrU0="></latexit><latexit sha1_base64="FEqxZ7u1U82NBPfqCRlT2efdrU0="></latexit><latexit sha1_base64="FEqxZ7u1U82NBPfqCRlT2efdrU0="></latexit><latexit sha1_base64="FEqxZ7u1U82NBPfqCRlT2efdrU0="></latexit>

Gn(u) (n � 2)
<latexit sha1_base64="TyAu8S4tj6APWDcI834Ch/Z7ldw="></latexit><latexit sha1_base64="TyAu8S4tj6APWDcI834Ch/Z7ldw="></latexit><latexit sha1_base64="TyAu8S4tj6APWDcI834Ch/Z7ldw="></latexit><latexit sha1_base64="TyAu8S4tj6APWDcI834Ch/Z7ldw="></latexit>

Ŵ f ,u = e
iuĤ f

<latexit sha1_base64="kF4ByIgjLF/Mf52ec3i7PTZkpY8="></latexit><latexit sha1_base64="kF4ByIgjLF/Mf52ec3i7PTZkpY8="></latexit><latexit sha1_base64="kF4ByIgjLF/Mf52ec3i7PTZkpY8="></latexit><latexit sha1_base64="kF4ByIgjLF/Mf52ec3i7PTZkpY8="></latexit>

G2(u) =
1
N2

Tr[⇢̂iŴ
†
i,u(0)Ŵ f ,u(t)⇢̂iŴ

†
i,u(0)Ŵ f ,u(t)]

<latexit sha1_base64="RY9OrfzF6MT+WYnt/gT3CMkdadM="></latexit><latexit sha1_base64="RY9OrfzF6MT+WYnt/gT3CMkdadM="></latexit><latexit sha1_base64="RY9OrfzF6MT+WYnt/gT3CMkdadM="></latexit><latexit sha1_base64="RY9OrfzF6MT+WYnt/gT3CMkdadM="></latexit>

Ŵi,u = e
iuĤi
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•           satisfies a symmetry relation,

Gn(u) =
Zf (n�)
Zi(n�)

Ḡn(�u + i�)
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→
pn(w)

p̄n(�w)
= e�(w�n�F(n�))
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Derivation of OTO-FDT

• Cumulant expansion of the integral FT up to third order.
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• Perturbative expansion up to the second order around the 
equilibrium.

C{A,B}[A,B](!) ⇡ �~!
8

[C{A,B}2 (!) +C[A,B]2 (!)]
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→ near-zero-frequency part of OTO-FDT



Numerical test of QSS FT

• 1D hardcore boson model
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V = 2 ! 4, t0 = V 0 = 1,
� = 0.1, L = 12,N = 4
�w = 0.04
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R = p2(w)/ p̄2(�w)/e�(w�2�F(2�))
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Fluctuation of QSS
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Summary

• We proved the fluctuation theorem for quantum state 
statistics.

pn(w)
p̄n(�w)

= e�(w�n�F(n�)) (n = 1, 2, . . . )
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Tsuji, Ueda, arXiv:1807.11683

• n=1 corresponds to the quantum work FT.

• n=2 reproduces OTO-FDT near equilibrium.

• Fluctuation of quantum state statistics <=> quantum chaos

• And what else ? …


