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e ShannonO OO O OOOO
DDDDP(:C)DDDDDDDXDDDD

H(X) = Z P(z)log P(z) = Ep|[—log P(X)]

e Shannon D ODODODOOOOOOOODOLIHd. OOOOOODOO

000000000000 oooon= H(X)

o U UUUIDUOUOLODDODDDODOOOO
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i.i.d. (independently and identically distributed)

e 1000 X1 X,...X,, 00000000000 Px)OOOODOO

X" = X1X5... X, " P(x)
e OOUOO 2" i=2129... 2, 0000

Pxn(x") := P(x1)P(x2) -+ P(xy)

e 10DDDDDOOOO e IDDOD
" i =x1x9 ... Ty Pr{ X" # g, (fn(X")) }
} fn 000 (encoder) e J000DDOODDOO
keil,2,..., My, } 00000000 logM,
l gn» : 000 (decoder) Oo0o0ooooo n
Gn(Frn(z™)) 00000000oooooog
000
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o U UUDOODDODOOOUOUOODOUOUOUODDOO
— oot ooott
— oot boootdd

00D002"0000000 — log Pxn(z")

0000000000000 0o0o0o0o0O0 H(X)ooo
o OO UOLDODUOOULDLODOUOOLODODOON
- oo LL"Uouonooogg

1
— — lOg PXn ($n) S a (@ PXn (xn) > e—na)
n

— bbbt otgtddboototdbn

1
~~log Pxa(a") > a (& Pxn(a") < ¢ )

cceROODOODOUOUOOOOOUOO~DOOOO
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1
Pr { z = ——log Pxn(x")
n

anPX“} n — oo

error probability

Ooooodd  Pry

Ooooodd  Pry

N /7
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1
Pr{ z = ——log Pxn (z")
n

A

anPX"} n — 0o

error probability D D D D D D D D D D D Mn D D

o
|

<:Ia z = —% log Pxn (z")
n 1 n na
M, :=4#4¢ 2" | ——log Px=»(2") <a ; <e
n
1> Y Pa@)x Y oMo
wn: Pen (a7) >~ ne o Pen (7)) >ena

oot ed o

HRERERERERERERE log M,
- <CL

Juooogtd n
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i.i.d. 00 Pxn(z") = P(x1)P(xs)---P(z,) 000000000

1 1
——log Pxn(2") = ——log P(z1)P(z2) -+ P(2n)

1
==Y logP(z;)0 0000000
n
1=1
o000 (n—>oo)\

Ep[-logP(X)=H(X)0DOODDOODOOOO

A
n = 1000 ﬂ

N
A

>
H(X 1 .
(<:) z = —ElogPXn(x )

a
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n = 1000

A~

nleO] \\¥ »

H(X 1 )
(<:) z:—ﬁlogPXn(x )

a

Jdddtdtbedd oo

o P }_ 1 a>H(X)
70 a< HX)

1
lim Pr{ ——log Px»(2") < a
n

n—oo

DDDDDDDDDDDDDDDDDDDDDDDDDDDDH(X)
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J00000X ={X™}>~ 00000000000000X ={XM}x

1
2 2

X = xMxMm .. xm

o [ ODODODDOUOOUOUOOODOOOODDD DL L
e 10O DO (compatibility)DOOO0OO0OO0OO0OO0OOOOOOO

PX(n) (ml,ilj'g,. .o ,ZIZ’n) — Z PX(n+1) (561,5132, “e ,ZIZ’n,ZIZn_|_1)

LTn+1

e X = {XM™}> 0OO0O0OO (general source)d 0 O
o (DD DODOODODULOOOOOOOODODDOO
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J0000X ={XM™}> gesef0,1]00000
J00e00000000000000

1
lim sup Pr{ log Py (n) (X(”)) > a } <e }

n— 00 n

H(e|X) := inf{ a

o [ UDOOUOULODDOOUOUNL €
Juooodbobobotdidta

.anPXn}

1
Pr { y=— log Pxn (z")

) 0000
e e JOOODOOOOOOOOOO
000000000 - YES
error probability Do0oogogogbodod
00 0O
= 1 -

— —Zlog Pxn (2"
z nogX(zL’)
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J0000X ={XM™}> gesef0,1]00000

U Oe-0boboond

R(¢|X) := inf{R 13 (f, )}, sit.

’n,:]_?

limsupPr{X(") £ 0 gn(X™) } <eg,

n—oo

1

limsup—logMnSR}
n—oo

O00000o00o0oo “0"0boooooooooooogegoonond

Jo00ROUODOUOOROOOO

00 (Han-Verdd 93, Han 980 0 00O 0O)

R(e|X) = H(e|X)

UOoogodtobbbbdoodtibb b
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(0&OD19900000)

e i.id J00DDOU0DDOOODHX)ODDOODOOOOO

N—"

>

R(=|X) = H(|X) 2 HX) (0<Ve<1)

11

A SN

5 w1y o
i = Skl
o g i

o (skeleton)

e ()OO DODOD (general formula)D OO OO
- QOUOO0ooOoooog
- QUUODO0000D0000O00DO0ooOoooooOoon

- ®OO000000000000000000000000 )
15/60



Jobootdboboodgduboogddooogdoboogduood

R X)) 2 H(e|X) 2 H(X) (0<Ve<1)

00 iid. 000,0000000,0000000000,00000
0000 iid. OO, Finitely Correlated Stateld AKLT O O [ Gibbs [0 [0
®R)OD00o000oooooo
QUOO0O0(R)UO0DD00D00D0ODoOooooooon

J00000000000000000D00000000000000®
(1) 00000D00000000000  (2)000000

16/60



U Oe-00o0dooboottoni

H(e|X) := inf{ a

1
lim sup Pr{ log Py () (X ™) > a } <e¢ }

n— 00 n

U UOe-0bbgbbobbtgood

H(e| ) = sup { .

1
limianr{ ——log Px(n) (X(n)) > a } > € }
n— 00 n
(1[0 Pr{z:—%logPXn(a:”) x”NPXn}

A

H(X):= H(0|X) e
~ ~ zZ = ——10g Fxn(T
H(X):= H(1]X) -




o U UOUOUOUOUOUOOOnUOUOOUOOOOOOOOOO
-0t @m@mooooodogoggogad
resolvabilty U 0 D 00000000000 0O0OO0OO0OO0OOOOO

o U000 DOOUOOODOOO
—doogogooooobobbobobobobobobbobbnbnbnt
Jdoobtooboibgogobobtddtbttd
—DDDAgZdDDDDDDDDDDDDDnetDDDDDDDD
— Finitely Correlated Statedd AKLTO 0O O, GibbsO O, Fermion
Quasi-Free State (07 Hiai-Mosonyi-O, 08 HMO-Fannes)

o Ac 7
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000000p={p™}>, 0000000

e 10O iiud. OO

e 000000 Finitely Correlated State (AKLTO O ), i.i.d. mixture, ...

(i.i.d. mixture) p{™) = Zﬂ(i)p?”

1=1
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e (00DO0D)00O0O00000A=Y,aa)a| (0DOODODO)
Ay = > aila)ae] (DDODO),
1:a;>0

{A>0}:= ) Ja¥a;s] (DODDODODO)

1:a; >0

e 100000 p={p™}> . 000000000
P =2 M (@) |2 )z
e I000ODDOODODDDOO

Tr p(™ {p") — e=nag(n) 5 o) = Z p\™ (2™

CBn:p(n) (xn)>€—na

1
= Pr{ ——logp™ (z™) > a | 2™ ~ p™) }

n
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p={pMl® Oecec0,1]00D000
000« 00000000000D000

H(c|p) := inf{ a

lim sup Tr p™ {p™) — ™™ 5 0} < ¢ }

n—oo

UUOe-Ubo0ddboobogddnoon

Help) := sup{ a | liminf Tr p™ {p(™) —e7ma1™) > 0} > ¢ }
n— oo

L] [

H(p) = H(0|p), H(p) == H(1|p)

e i.i.d. 00 p™ =p®r0000

H(p)=H(p) = H(p) von NeumannO OO OO0
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2 LOCC

e 1000000000000 DDOOOODODOOOO

Hayashi (2006), Bowen-Datta (2008)
.DDDDDDDDDWB_{W‘B} L A8 ={pABYe 0000
e LOCCOOODO /J—{Ln}n:lDDDDD

lim [|£, (45 ") = @57 ll =0

n—oo

00000 “0DoooLrocCoonono"ooononod

00 (Jiao-Wakakuwa-O, 2018) OCOOO0OO0OOO0OOO

e HyA) >H(p4) O0DOD “0D0O0OoLOCCODnnn”
e “00DDLOCCOODOO"ODODO

H(e|y™) > H(e|g), H(elp?) > H(e|g") (0<Ve <1)

0000y} =TrpgyAB, oA = Trg paB



3

Ooo00ooooooooooooon, Kullback-LeiblerO O 0O O

()

{1 1 )1
D(pllq) = Zp ){log p(x) — log q(x)} = Zp og T2 (o)

Jooobobooooboodddddoooonb b

e ¢(z)=1(x)=1(0000)0000000000
D(pl|1) E:p )logp(z) = —H(p), i.e., H(P) = —D(P|[1)

e 0DDODO
0000 Pxy(z,y)0000000 Px(z)Py(y)D00DODO00O0O

DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD/D
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e U UUDDOUO

e p0¢Oiid OO

p"(x") = p(x1)p(w2) ... p(x0n), ¢"(z") = q(w1)q(x2) ... q(7y)
where 2" = (z1,22,...,2y)

o 2" = (21,29,...,2,)0 p"(2™) 0000000000000

H1og 20 = LS 1o 20 2, g fiog PN — i

DOo0ooootobbbbodddn
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1.1.d.

oot

/ v: 100
} \ - 1 Pn(z™)

| D(pllq) | no (@)

Jubootdbobbotddbbbottdug
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000000p={pn}pzr, = {gm}z, 0000

s . Pa(z”) | on
D(pl|q) :=supq a | lim Pr log " ~p, p =1
n— 00 qn(xn)
Nn— 00 n qn(ajn)
Pr { Zn = %10g Z:g:g "~ p"(x") }
/ \ )
e
¢ A\lq fﬂ\q

1 p(n) (M OOoDD0D0000000000 pp, ¢, 000
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Jooo1{...}000000

1 if pu(z™) —e™qu(z™) >0
0 otherwise

1{ pn(z™) — e™q,(z") >0} = {
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e JDDUDDOODOOOA=Y,a;|a)e;| (0ODOO)0ODO0O

Ay = aila)e;] (0DO)
1:a; >0
{A>0}:= > lai¥a;] (DODODODO)
1:a;>0

00 DO00O00O0p={p.}2,,0={0,}, 00000

D(pllo) := sup{ a ‘ lim Trp, {p, —€"%0, >0} =1 }
n—oo

D(p||o) := inf{ a | lim Trp, { pn —€"%0p, >0} =0 }
n—oo

1 n(x"
e Trp,{p,—€"%,>0}0 Pr{ —logp (z") >a} 000
n Gn (™)
[J O Neyman-Pearson test[J 0 0O 0 O [
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e POVM {T,,,I, - T,,} (0< T, < I,) 00000000

an(Ty) = Trp (L, — T),) (1st kind error)
Bn(Ty) = Tr p, T, (2nd kind error)

e DODOR(P|F) (DDDDODODO), R (pllo) (COODDODODO)

Bu(T) = e "FAID st lim an(T,) = 0

n—oo

B, (Ty) ~ e B @D st lim a,(T,) =1

n—oo

00 (Nagaoka 98, Nagaoka-Hayashi 07 OO OO0 )

R(pllo) = D(pllo), R (pllo) = D(pllo)
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.1.d.

o U UUDUOLODDODDLOOOOOUOOOOO

a < D(p

a>D(p

o) <= lim Trp,{p, —€"%, >0}=1
n—oo

0) <= lim Trp,{p,—€"%0, >0}=0

n—oo

e iid DDOOO0OOODODODOOOOOODOODUOOOOOOOOO

D(pl|5) = D(pl|5) = D(pl|o) := Tr p(log p — log o)

Jobootduboogdood

lim Tr Pn { Pn —
71— 00

e”aan>0}={

1 if a< D(pllo) (Hiai-Petz 91)
0 if a> D(pllo) (O-Nagaoka 00)
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Bowen-Datta 06 OO 00 [0 [

lim Tr(p, —e"%op)yr =1 }

n—oo

C(pl[5) := sup { a

C'(p||o) := inf { a

lim Tr(p, —e"%opn)y =0 }
n—oo

e Nagaoka 98, Nagaoka-Hayashi 070 0 0000000000 OOO
C(plla) = D(pll5), C(pllo) = D(pl|5)
e DO ODOOBayesU OO OBayesOOOOOOOOO

I T n]n_Tn e nTn =1-T n nan
o i {Tr pn ) + e Tr p, T } r(pp — €"%on )+

Joooooobobood

n " n n n
gn??i(n [r(p e"o,) T, = Tr(p e



Bowen-Datta

° DDDDDDTIA+DDDD]DDDDDDDDDDDDD@
- 0000TrAy > Tr F(A)L (for trace preserving positive maps)
— order preserving: if A < B then TrA, <Tr B,
— subadditivity: Tr(A+ B)y <TrA, +Tr B,

o iid. (p, =p®", o, =0%") 000

lim Tr(p, —e"%op)y =

n—oo

{1 if a< D(p||o)
0 if a> D(pl|lo)

0000000000000000000
C(pllo) = D(pl|) = D(pllo) = D(plle) = C(pl[o)

o (DO DODDOUOLOOUUOOOOOO O
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4

e 1000 OONONDO (classical-quantum channel, cq channel)

W:zeX (0ODDODOODDOODOOD)— W, (0ODOOD)

e Holevoll I 00 [

ZP CCHWP) where Wp = ZP(CIZ)W
e HolevoU O OO OOUOOOOOODOOOOOOO
P(1) W, 0 P(1) Wp 0
R = ' ., S = '
0 P(N)Wn () P(N)Wp

I(P;W) = D(R||S)
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cq channelO 1.1.d.

e cq channel WO i.i.d. OO

r1 — — Wy,

— W,

SIS

o —r

Ty — |W | —= W,

o U UUIIOODODODOOO

"= (21, T2, Ty) S | W= Wen =W, QW,, ®---Q W,

e 00 P(x)0iid OO

P"(x") = P(z1)P(x2) ... P(xy)
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cq channel

e cq channel00 W = {wnrice . 0000
e OO0 OO

J000000000000| 00000R={R,}>,
§={S,}>° . 00000000000000 00000000

@Pn wn., @P” YWE, (an = ZP” W“)

I(P,W) := D(R,S) = sup { a

lim Tr R, { R, — ”aSn>O}:1}

n— oo

lim Tr R, { R, — "wsn>0}:o}

n—oo

T(P,W) := D(R,S) = inf { a

oottt dun

TrR,{ R, —€"*S, >0} = ZP” YT W { W, —e™Wp, >0}
35/60



o U UUUIUOLODODDODDODOOONO

a<I(P,W) < lim TrR,{ R, —€"S, >0} =1

n— oo

a>I1(P,W) < lim TrR,{ R, — €"S, >0} =0

n—oo
o 11.d. DO OOOOOHolevoU OOOOOOOOO
I(P,W)=T(P,W) = D(R||S) = I(P,W)
HRERERERERERERERERERERE

Rn — R®n — (@xP(LE)Wx)@)n, Sn p— S@n — (@xp(f)WP)@)n
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00000 Wi(y), Wa(y),..., Wy(y)DOOyOODOAOOODOO

ke{l1,2,... M} —

W(ylk) = Wi(y)

Hy

Doo3000o00oouoouoog200o0oodont

e trivial zero error case
Probability
Wi(y)

Wik(y)

Wm(y)

We(y)DODOOW,(y) (4 k)0000000000

e yUUODODOODOOORKODOODODDODOOOODOONO
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An Overlap Measure

Probabllity

A

Wi(y)

Wk(y)

e W, ODODODOOW, (I#k)0BayesDODOOOOOOO

e I'C YU kODODOD (acceptance region)0 000

P.(k) := min Z Wi (y

TCYy
yerle

y

—qf%%“—z(w

yel

\

) + S: S: Wi(y)

l#k yeT

— ZWZ(?J)

£k

\

’

/

)

\

/

1st kind 4+ 2nd kind
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Ba_yes

Probabllity
Wily)  Wk(y)  Wwm(y)

[
D
—~~

3
~

|

1-P.(k)O W, 0OODODOODODOOODOOODOO0OO

Pu(k) = 1= Pu(8) = ax 3 (W) - Y Wil

£k

(- g

I£k
0000 (F(x)). = max{0, F(x)}
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00000000 Wy, Ws,...

O0o0o0ooooPOVMOOOOOODOARODODODOOO

ked{l,2,...

0000000 overlap measured 0O [ [

M} —

Wi

—

POVM

JWydODooooooooooooooad

AN

— k

e P(k)=1—P,(k)\DW,000D0O00O0000Bayes0OOODOODODO

Ps(k) = max Tr
0<T<I

(

Wi = W,

£k

o

Wy — ZW;)

14k
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overlap

0000 | cqchanneld {W2} nex-00000M, =e00000

000 overlap maxy, Po(k) = max{l — P,(k)} 00000000000
pon ik €{1,2,..., Mp} —> xp = pn(k) — W7 1

BN 0000000000000 sharp limitd OO

(1) (achievability) Choosing ¢, (k) (k=1,2,..., M,) randomly subject
to P™(x™), we have

n—oo
£k

(2) (strong converse) For any {y,,}>% {1, we have

I T —0 if R>T(P,W),
iy (Wi =3 Wi ) =0 RS T
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proof of (1) achievability

Given a cq channel x € X — Wy and amap k € {1,2,... , M} — (k) € X, for any
P(x), a e ROand k € {1,2,..., M}, it obviously holds that

<¢W 2.V “O Zﬂoww_§)%m>ﬁ%w—&Wp>@.
+

I#£k I#£k

Taking expectation, we have

E ‘Ff< ST cgnu>>_%

14k

> F |:TI‘W (k){ on(k) — € “Wp > O}:| — M, - FE [TTWP{Wgon(k) — e Wp > O}:|
> (1 —e"e™ ") Epn {Tr ;}n{ o — e Wpn > O}] :

If R < I(P, I//[\/) then there exists R < a < I(P, W) and the definition of I(P, W)

assures RHS — 1 (n — o0)
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cq channel W : 2 — W, 0000 p:k— k) e X

ke{l,2,..., M} — ¢(k) = | Wyu) | = |POVMY ={Y}} | = k=1,

000y (POVM)OODOOOOD0OOOODOO Pe(k;p,Y)OODODOOOO

00 Foranymap p:{1,2,.... M} - X
there exists POVM Y = {V;.}22 such that forany kand T (0 < T < I)

Pe(k; 0, Y) < Tt W (I = T) + Tr (Z Ww)) T
£k

holds. Taking the minimum w.r.t. 0 < T < I, we have

Pe(k;0,Y) <1—Tr (VV;C — Z Wl>
[#£k +
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sketch proof

e POVM Y = {Y},} | is constructed by Beigi-Gohari (2014) *2

—1/2 —1/2 M
T2 W T k=1,2,.... M
y, — J Te o(k) T ( )| T =3 W,
I — suppot(Ty) (k=0)
Tgp_1 is the generalized inverse satisfying T(/3_1/2TQPTCP_1/2 = s(Ty)
e monotonicity of the Sandwiched Renyi divergence for a = 2
(Collision relative entropy)
1
D7 (A||B) = logQ (A||B) — . log Tr A
“ (A||B) = ( ‘2" AB 7o )O‘
Q% (A||B) = ( ~1/4 1 g— 1/4) (A B-1/2 AB— 1/2)

*2 % S. Beigi and A. Gohari, “Quantum achievability proof via collision relative

entropy,” IEEE Trans. Inform. Theory, vol. 60, pp. 7980-7986, 2014. )
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Let
Wi =Wemy, V=) Weq
Ik

For simplicity, we neglect the support treatment. Then we have
Yie = (Wi + Vi) T 2Wi (W, + Vi) /3
and
Pe(k;,Y) =1 —Tr W (Wy, + Vi) "' 2W Wy, + Vi) 12
= Tr Wy, (Wi + Vi) ™2 Vie (Wi + Vi) /2

= Tr Wi — Q5 (Wg||Wi + Vi)

< Tr Wi T x Tr Vi,'T n TrWe(I —T) X Tr Vi (I —=1T)
- Tr W, T + Tr Vi, T TrWe(I —=T)+Tr Vi (I —T)
<TeWpT +Te V(I —1T)

monotonicity
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Hayashi-Nagaoka

Hayashi-Nagaoka (2003) Jboboottdboototgdboobotdd

Given c-q channel W : x — W, for any P(x) there exists (¢, Y') such
that

Pe(p,Y)<2» P(x)TeWo{W, —e"Wp <0}
rTEX

FAM - 1) T Wp{W, —e*Wp >0}

for any a € R, where Wp = > . P(z)W,.
o U UUIOOUODDDODOONO

Pe(p,Y) < Y P(z) Tt W, {W, — e*Wp <0}
reX
+ (M —-1)TcWp{W, —e*Wp >0}
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5 cq wiretap channel

e Given a quantum channel £ : S(Ha) — S(HB), there exists an environment
system Hpg and an isometry U : Ha — Hp ® HEg, such that

E(p) =Tre|UpU] (Stinespring dilation)
e complementary channel F : S(Ha) — S(HE) is defined by
Flp) = Tes[UpU)

e U can be extended to unitary Uapg on Ha ® He Q HE
Alice p — |Uape | — E(p) € S(Hp) Bob

N F(p) € S(HEr) Eve
e c-q wiretap channel is a pair of c-q channels (W, V') such that
Alice z — py = | W | = W, :=E(pz) € S(HpB) Bob

NNV | = Vei=F(pz) € S(He) Eve
that is a model of eavesdropper.
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secure transmission of message over wiretap channel

e wiretap channel coding over the i.i.d. extension
Alice (message) k = | Qn x(z") | = 2™ = |W" | = > Qnip(x")Wan

Bob
ke{l,2,...,M,} NA VT = D0 0 Qne(2™)Ven Eve

o (), = {Qn,k}é\ﬁl Is a stochastic encoder:
Alice will input signal " = (x1,...,x,) randomly depending on Q, (")

e density operator at Bob and Eve are, respectively,

Qn,kW L= Z Qn,kz(xn)ang Qn,kzv ‘= Z Qn,k(ajn)vxn

e Bob's decoder is a POVM Y,, = {V,, x}'" on S(HSE™)
e pair of an encoder and a decoder (@, Yy) is called a code

e error probability

<

1 n

Pe(Qn,Yrn) := A

{1 — TT(Qn,kW)Yn,k}

1

-
|
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the aim of wiretap channel coding

e ecrror probability should go to zero asymptotically
Pe(Qn, Yy) 2250

e Eve should not obtain any information of the message

1 n— 00
de n) = nkVn — Qn,1Vn — 0
(Q ) Mn(Mn_l) Z HQ ,k Q ,l Hl
kol k£l
where || - ||1 is the trace norm. (Eve cannot distinguish messages)
log M,

e encoding rate should be large as n — oo

n
e (remark: another important measure)

dn g _ _ 1 In
I.(Qn) = kz MD(Qn,kVnHQnVn), where @, (z") = v k Qn.ix(z™)
—1 =1

that is, the Holevo information between the message and Eve's state
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private capacity

private capacity, secrecy capacity
Cs(W, V) := supremum of the rate lim,,_, logrfW” such that

(n—o00)

Bob's error Pe(Qy,, Yr) (n=209), 0, Eve's information d.(Q») > 0
Mathematically speaking,
Cs(W,V) := sup{R ‘ H(Qn,Yn)} =1 such that hnrr_1>1£f logM > R,
lim Pe(Qn,Yy) =0, lim de(Qy, Y }
n— o0 n— 00
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c-q wiretap channel coding theorem

e relative entropy: For density operators p and o,
D(pllo) := Tr p(log p — log o)

e Holevo information: For c-q channel W :z € X — W, € S(H), and
probability P(x),

I(PyW):=> P(x)D(W.||Wp) where Wp:=>» P(z)W,
Devetak 2005, Hayashi 2006 textbook

1
Cs(W,V)= lim = sup {I(Pn;TuW")—I(Pn;T,V")},
n—oo T P,,,Th
where T, is taken over the set of conditional probabilities from a set 7" to
X" and P, is taken over the set of probability functions on 7,.
e classical wiretap channel coding is developed by Wyner (1975) and

Csiszar-Korner (1978) )
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What i1s channel resolvabilit_y?

e In wiretap channel coding,

Alice should control output statistics of wiretap channel V"
Y

e channel resolvability coding is a method to control the output statistics by
stochastic encoder at the input side

e channel resolvability for a channel V' is the required amount of randomness
to make it a completely noisy channel asymptotically

e that is, channel with high resolvability requires much amount of randomness

Historical Remark

e resolvability coding is proposed by Han-Verdd (1993) in the classical case,
concerning another problem (so called identification code)

e As resolvability coding has been used implicitly in wiretap channel coding
both in the classical and the quantum case, Hayashi (textbook, 2006)
applied it to wiretap channel coding explicitly both in the classical and the

quantum case
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c-g channel resolvability coding

e Consider the size L,, of uniform random number to approximate the output

statistics

2"~ P (a") | V" | = Ven i= ) P"(z")Van

xn
.f- 1 Ln
uniform
" T~ {xy,xy, .z, AV | = Ve, = — Van
=1
o &, :={x7,zy,...,27 } C X" is called a code
e approximation measure (trace distance)
1
n—0o0

=1 1
e encoding rate %log L,, should be as small as possible
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c-q channel resolvability theorem

channel resolvability

Cr(P,V) := inf{R ‘ 3{®, 122, lim d(Va, ,Vpn) =0,
n— oo

1
limsup —log L, < R
n

n—oo

Hayashi 2005 [implicitly: Winter 2002, Devetak 2005]

Cr(P,V)<I(P,V) (Holevo information)

e It means, for R > I(P;V), there exists a code &, = {z7,z5,..., 27 }
with size L, = ™" such that

n— oo

— 0

1 &
. > Vap — Ven
=1

1
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c-q channel resolvability coding for general channels

e channel resolvability is defined in the same way as the i.i.d. case
e the size L, of uniform random number to approximate the output statistics

z" ~ P (a") =\ V" | = Ven i= Y P"(z")Van

mn
r | Ln
uniform
" T~ ety 2, F VT = Ve, = T Vi
"=
e approximation measure (trace distance)
d(Va,,, Ven —Ven|| =370
I Z

channel resolvability for general channels Given probablllty P"(x™) on X"
(denoted by P = {P"}2))

I |
Cr(P,V) = inf{R ‘ 3{®,}°°,, lim d(Ve, ,Vpn) = 0, limsup = log L, < R}
N — 00 n

n—oo
55 /60



main theorem

o Let 6(alP,, Vy) := Zx ™) TrVin { Vin —e™VEn >0}
e remind that a > I(P, V) = llmn_>oo d(a|Pn,Vy,) =0
Given V = {V™122, and P = {P"}5%,, for any nonnegative operator B,

there exists a sequence of codes {®,,},—; such that

1 &
. > Vap = Ven
[=1 1

o Letting B = e"“Vpn, we have

<AV |30 Pr(an) Te(Van — B)y 44/

Ln

Li > Vap = Ven

=1

< 4V2V/5(al P, V) + [ =

1

d(Va,, , Vpn) =

e Thus L, =e¢"®and R>a > I(P,V) = limp— o0 d(Va, , Ven) = 0
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main theorem

e We have shown that R > I(P,V) (L. = e™") is achievable.

e There is possibility that R can be smaller.

Cr(P,V) <T(P,V)

e These arguments have been expected in Hayashi's textbook.

e difference: no pinching kv, , operator B can be arbitrary

Ln

L Tr B
T Vep = Ver|| < 4V2 3P (@) Tr(Var — B)y 44
=1 1 n
Ly
1 n mn na
- Vap = Ven |l <3, ) Pr(an) Tr Ve, {kvp, (Van) — e Ven > 0}
=1 1 n
Vnena . .
I, (Hayashi) (vn, = # {eigen-value of Vpn })
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resolvability and wiretap channel coding

encoding by Alice [ ~{1,2,..., L} (uniform random number)
1 L N
¥, ... x{y; ... =z, —|V'|—=F>, V‘B?f,z ~ Vpn
(message)
1 L ~
k— Typ1 .- Tpg ... Tpp —| V= F>1, Vap = Vpn
1 L
Thir - Tag - T — | V= 1200 Ve, &= Ven
— | W™ | = Bob can distinguish each zy , Eve cannot distinguish &

e By c-q channel coding theorem M, L, = e (P W)—¢} messages can be

sent from Alice to Bob with vanishing error
e By c-q resolvability coding theorem L,, ~ e"t/(P>V)+e} random number is
enough to introduce confusion to Eve

e Thus M, ~ "tI(PV)-I(PV)=2¢} private messages can be sent )
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a general formula for c-q wiretap channel coding

e Using the general formula (Hayashi-Nagaoka, 2002) for message
transmission from Alice to Bob,

—

C(W) (message transmission capacity) = sup I(P; W)

p
we have the following theorem
Cs(W,V) =sup {L(P;TW) - T(P;TV)} = sup  L(P;TW),
P, T P, T:1(P;TV)=0

where T = {T,}n21 is a sequence of Markov maps, TV = {T,V"}>21, and
P = {P,}5=1 is a sequence of probability functions. The supremum is taken

over such possible choice of sequences.
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0000000000 p={p}2,,0={0.}2,

’n,:]_?

(2):i.i.d

R(plle) = D(pllo) "= D(p|lo)

Juboobotddbobbotddbbbotgtduh

e 100DODDDODODODODOO (Data Compression)
o U UUILOLODDODDOOOOOOOOO

— D(p||o), D(p||o) : hypothesis testing (strong converse)
o (OO DODODDOOOOOOONO

A

— 000I(P;W) : cq channel coding
P

N

— 000 I(P;W) : cq channel resolvability
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