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1. Introduction: Entanglement & Holography

2. Viewpoint of data storage in curved space—time:
MERA tensor network, Extra dimension,
and Holographic geometry

3. SVD is a good tool to understand holographic RG
(although my works are still in a classical level -**)

4. Information—geometrical analysis of the correspondence
between BTZ black hole and finite—T CFT



Recent development of interdisciplinary physics research

Exa
qua

Field theory, String theory



Key concepts

(13

quantum entanglement” and “holography principle”

Entanglement entropy &SVD
Similar to the logarithm of two—point correlator

Scaling formula <CFT

Tensor network states Network geometry®RG
Variational ansatz for quantum many—body system which satisfies

the entropy scaling & Bethe ansatz

Bulk/edge correspondence

Classical side behaves as a memory to storage quantum data efficiently

‘ &information geometry

Reconstruction of statistical mechanics and field theory
by the information—theoretical concepts

< wavelets



Introduction:
Entanglement and Holography



Entanglement entropy

total system (superblock, universe) = X+Y

Py =) Bl  xeXyey
X,y

Reduced density matrices

px = Try|[YNY|
py = Trx|Y Y]

Entanglement entropies

Sy = —Trx(px log px)

Entanglement entropy

< Information (flow) across
Sy = —Try(py log py) the boundary of X and Y



Singular Value Decomposition (SVD)

SVD of rectangular matrix Y(x,y) = Z U, (X)\/_Vl ()

Reduced density matrices

px(6x) = ) YW E,Y) = ) ULU; ()
y l

pr (3, Y) = ) WP ) = ) GV ¢
l

Entanglement entropy (von Neumann entropy in X or Y)
- Violation of volume law scaling

——Z/lllog/ll _ s,
[



Universal scaling formulae for entanglement entropy

Scaling formula depends on
(1) criticality, (2) space dimension d,
and (3) subsystem size (L: linear size)

Gapped system = Area—law scaling

Sx i1 S Spy S o LA d =7
Critical system (d=1) = logarithmic formula obtained by CFT

500 tos (o (35 <SS B ()

S(N—-L)=5(L) c: central charge of CFT



Application of the scaling to the construction of TNS

Tensor Network State (TNS), d=2 S=4Llogy « [¢-1
Projected Entangled Pair State(PEPS):
Variational ansatz that satisfies

the correct area—law scaling

Y= ) Plsisy )

Sl’SZ’...

Real spin configuration

e __ Si '
lpslsz — z Aaﬁy8B6£(n N




Holography principle

Holography principle oM V

Classical gravity theory on a manifold M
t (duality relation) Z;

Quantum theory without gravity at o M
AdS/CFT correspondence —

Supersymmetric Type IIB string theory
Yang—Mills theory On AdS; X S°

(d+1)—dim. Quantum system (d+2)—dim. Classical general

with conformal symmetry relativity on anti—de Sitter space




Anti de Sitter (AdS) space

x°=txt=xx*=2z

. — l
AdS metric (d=1) ) Jem L dy

2 l 2 2 2 Z

ds® = gdxtdx’ = — (—dt® + dz* + dx*)
Z
s~llogz
| dz? + dx? .
Hyperbolic geometry (ds? = | : curvature radius

72




CFT nature at the boundary of AdS x’=tx'=xx*=z2

2
ds? = d“dv=l dt? + dz? + dx?
guvdxtdx 22( t“+dz° + dx*)

Coordinate transformation Scale invariance can be
i : : . easily checked
it=x*+&(x) 1i=0,1 Y
Z=2z+z{(x)

Boundary of AdS,,, & CFT ;

zZ—0
ds® = ds? + (0;¢; + 0;&; — 2{n;;)dxtdx/

Isometry =2 conformal Killing equation at z=0



Holographic entanglement entropy B EITnlasd (Yol l-igY;

Ryu—Takayanagi formula (2006)

_ ¥
4G

Extension of Beckenstein—Hawking
black—hole entropy

S

[ C
S = ¥ =—1logL =—logL Y : Area of the minimal surface
4G 26 (d=1 = geodesic distance)
31
¢ = — Brown—Henneaux central charge

2G



Short summary:

What is a core algorithm of Quantum/Classical correspondence

Central issue: quantum/classical correspondence

Entanglement (quantum side)

Dual object

Geometry (classical side)



MERA tensor network,
Extra dimension,
and
Holographic geometry



Quatum—data storage to hyperbolic space

. Radial axis (RG flow, scale transformation)

Coarse—grained data are here

Quantum data are decomposed into
wavelet—like bases (+disentangler)

— Short—range—scale data are stored around here

»
>

Real space



Information—theoretical interpretation of AdS/CFT

Einstein equation
< Embedded data behave =
as a classical field

uv

L 1 1
Ground state (critical) Finite—T, excitation




Hierarchical tensor network (entanglement renormalization)

Multiscale Entanglement Renormalization Ansatz (MERA)
H = ]z §i ‘§i+1 Long—range correlation
' LN U: (dis)LntangIer

J1 J> J3 74
S4 53 S0
St %2 ) 53 54 Holographic
dimension

l J2J3y1Jal
[¥) = Z z Z L112 ]1]2 1334U522533U ) 1|SlSZS3S4>

11,12 J1,e0Ja S1)--



MERA network = discretized hyperbolic space

Upper—half of C

X

[
ds? = (drlog2)? + (Z"T/ldx)2 = — (dz* + dx?)
Z

>

Poincare disk representation

z =27/ %‘%“‘#‘?

ST T (2
2 )

— % K P XK K S
Sasprasas
MPAN

2



SVD is a good tool to understand holographic RG

C.H.Lee, D.Ozaki, HM, PRE94 062144 (2016) HM, JPSJ85, 114001 (2016)
HM, C,H,Lee, Y.Hashizume, JPSJ85, 086001 (2016) HM, D.Ozaki, PRE92, 042167 (2015)
C.H.Lee, Y.Yamada, T.Kumamoto, and HM, JPSJ84 013001 (2015)

HM. PRE85. 031101 (2012)



SVD and geometry with extra dimension (classical model)
1 1 -1 1 )

=

small scale 1 1 —1 —1
A =6,A, =2
large scale 4 o g ; _3 8
T _ T — -
M= (5 ) MM={_5 2, )
0 0 0 2
1 1 1 : )
_ - (1 _ (1 I o
Ul_\/j(l) UZ_\/Q(_1) Vl—\/g 1] =1
0 1



Large scale

1 1 -
Uiy A1V1T = (1 1 —
small scale 00 0
Uz AzVT — (0 O O

L o)

Dense embedding

- Curve

d space

xmnerges

4




Monte Carlo Simulation of 2D Classical Ising Model

2
H=—]zai0- g =11 T. = = 2.269]
J) l — C .
T log(l + \/E)
Typical snapshots at various temperatures =2 we can estimate T

T=152] T=227]~T. T=3.02]

We need not to keep full information of partition function

\



SVD = generator of 2—point correlator

Image—processing analysis of spin configuration by SVD
Is closely related to the calculation of spin correlation function.

Typical processes of SVD
(1) Multiply M with MT = spin correlation
(2) Diagonalization of MMT and M™




Full information of partition function would be extracted

from single snapshot

Snapshot at Tc
- Fractal-like spin configuration

typicality

A set of partial systems roughly
represents the information of

all possible thermal fluctuation,

If we neglect finite—size correction.

A typical snapshot at Tc
(256x256 sites)



Scaling formula for the

snapshot entropy

(+1,-1) encoding

<S>-(1/3)InL

<S>-(1/3) InL

T/]

Ising model (c=1/2)

s=ioar -1
— 3% 75

T/J

3—states Potts model (c=4/5)

This scaling suggests the existence
of a dual 1D quantum system



Hierarchical structure of SVD data

vy = ) PO y)
l

PO (x, y) = U0/ AV, (v)

1000 5200 1030 1540 2050 2560

Y(x,y)

Decomposition creates
a holographic space
where the length scale
changes along |

dlfferent scale



What does SVD spectrum mean?

n:

-In A,

SVD = correlation function

Two—point correlator

(o(x)a(y)) «

|x — y|7

Holder conjugate

~ SVD spectrum
1

nl-n

. A, X

)

u‘n(d )

IS,






Continuous SVD for the Ising model at criticality

SVD of snapshot
M (x, y) — Z Un(x)\/ AnVn(:V)
m A, o<1

Reduced density matrix (= 2—point correlator) d =2

pr,x) = ) MEVME',Y) = ) Un()hnUn(x)
y n

Decomposition formula

A
|x — x'|d_2+77 - Z U”(x)Un(x')nn_l — z Rn(x — x')n""l
n n




| x —Ax’ln - Z Rn(x — x,)nn_l Rn(x —x') = Un(x)Un(x,)

Decomposition formula in the continuous limit Z — | 4,
- Inverse Mellin transformation -
n
e—zlx—xll 1
R(x —x',z) x lim n—oz«—

n-n-0 (z|x — x'|)™

Ornstein—Zernike form away from a critical point



Information—geometrical analysis of

the correspondence between
BTZ black hole and finite—T CFT

HM and T.Suzuki, JPSJ86, 104001 (2017)



BTZ black hole and holography

BTZ black hole (d=2): vacuum solution

of Einstein equation with negative /\
Dual QFT - finite—T CFT Zq

1

R/,W — Eg””’R + ngA = (

; , RZ ( f( )dtz dZZ ; 2\
S° = y Z | FAdx“®
27 | "
Z\? C I L
=1-—az?=1 ( ) P (_- (_))
f az 70 Zg = S 3log 7Tsmh 3



Relative entanglement entropy

Schmidt decomposition of quantum pure state
(finite—T case is also represented by the same form using TFD)

PO = Y V@ ma®ln)z WOPE) = » 2,(6) = 1

0 : canonical parameters (function of model parameters)

Relative entropy and Fisher metric ¥n(8) = —log,,(6)
(this is a measure of difference between two states)
D(0) = ZA (0)1 An(0 + dO) _ 1 (60)doH*doY +
n
dlogA,(0)dlog,(6)

Guv(©) = ) An(0) oo 2 = (9,70,) = (3,0,7)



Purpose of this study

PO = Y V@) Ia®ln;  WOIWO) = ) 1,(6) = 1
: 1,(6) "

Entanglement spectrum

Vn(g) — _log/ln(e)
Entanglement entropy Fisher metric

5(9) — _zln(e) log)‘n(e) — (V) guv(e) — (a,uyavy> — (auavy>

To find the Schmidt coefficients that reproduce both CFT
entanglement entropy and BTZ metric




Hessian Geometry and Entanglement Thermodynamics

YO = ) VA @)In)a8In)s

Exponential family (definition of canonical parameters 6 )

Environment = finite-T effects Y(0) =logZ
—vn (0) 1 OHF
A, (0) = e %) = exp{@“F,w — 1/)(8)} = Ee n,u
Hesslan geometry Hesslan potential

Vn(e) — l/)(@) — H”Fn,y guv(g) — (auavy> — auavlp(e)
Thermodynamics law for the entanglement entropy

$(8) = (y(0)) = ¥(6) — 6*(F,) = (8) — 6%0,1)(6)



Geometry of Gaussian Distribution = Hyperbolic

N2
p(X) = 1 exp{ St } = exp{0'F; + 6°F, — {}
o

V21 20°
—61 _ ! F,=XF, = 1X2
M—ﬁ,ﬁ—ﬁ 1= 4= 75
1 u\2 1 , 1 1(61)°
Y = log(\/Zna) +§(E) = —ilogé +§10g2n + > g2

du® + 2do?

o2

ds? = g, dx*dx’ = (0,0,)dxHdx¥ =



Information—geometrical representation of BTZ black hole

t = = 0% = co @z = z
02 —a 1-—az? 0

Hessian potential that exactly produce BTZ metric

1 1(6H% 1 (697
— (2 — 2 _ a) — 621og B2 + — -
), 4{(0 a)log(6 a) —6<log 0~} > g 97— a

2

S = 0%9 —11 u 1 t2
=V ¥ =708\ 1T 2) ~ 3¢




Close relationship with Ryu—Takayanagi formula

Hawking radiation (?)

1 7° 1
S(z,t) =-log —at?

4 1 — az? 2

L
Z = Z, =ZOtanh(—) t=0

Z0
1 | L
S = Elog (ZO sinh (%))
2 1 0% =

o=(z) =77

02 is a nontrivial function of L



Microscopic derivation from free Fermion entanglement

Hessian potential obtained here 2 phenomenological

Reduced density matrix for free Fermion 02 =

(d=1, T=0, doping: 0 )
1 = (L, 8) = Lf(5,x)
PA=ZGXP —2901”1 [ — 1 1
=1 —

= 5L + —
L >

f(5,x) = g(6)x® (numerical evidence)

X

lp—1 lp
A= 9“(F1,u — Fz,u) =Y2—V1 = {z @1(L,6) + @141 (L, 5)} — z ¢i(L,9)
=1 =1

1 o)
= Qip+1(L,8) — @ (L,6) = Lf (6’ Z) - giz)




Reconstruction of statistical mechanics and field theory
by using information—theoretical concepts

Information theory & CFT, integrability, geometry, ---

(1) Entanglement entropy scaling

(2) Extra dimension & tensor networks

(3) Network structure + RG concept = discretized geometry
(4) Rich physical aspects inherent in SVD

(5) information—geometrical interpretation of AdS/CFT



